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Critical Reviews in Analytical Chemistry, 26(2&3):101-147 (1996) 

Sub-Shot-Noise Light Sources: 
A Quiet Revolution in Light Control 

Stephen E. Bialkowski 
Department of Chemistry and Biochemistry, Utah State University, Logan, UT 84322-0300 

ABSTRACT: A review of current research trends in the control and measurement of the 
statistical properties of light is given. This review is limited to squeezing, sub-Poisson light, and 
methods for measuring properties of the resulting stabilized light. Basic descriptions of the 
statistical properties of light, electronic noise, and behavior are given. The results are used to 
illustrate how the unique properties of these optical sources and detection techniques may be used 
to improve the precision of the analytical measurement. 

KEY WORDS: squeezed light, sub-poisson light, photon statistics, optical noise, optical 
spectroscopy. 

I. INTRODUCTION 

The precision of an optical transmission 
measurement has long been considered to be 
shot noise limited. In the shot noise limit, the 
photon counting statistics are described by 
the Poisson distribution. In particular, the 
signal to noise ratio is equal to the square 
root of the average photon number. The theo- 
retical shot noise limit can only be attained 
using ideal coherent excitation sources. Real 
laser sources are often far from ideal and 
exhibit chaotic l lfor flicker noise and am- 
plified stimulated emission noise. Both of 
these noise sources have photon statistics 
that deviate from the ideal Poisson distribu- 
tion. On the other hand, significant progress 
has been made in stabilizing the chaotic be- 
havior in coherent light sources. In addition, 
new detectors and detection schemes for 
utilization of this stabile radiation have been 
described. In fact, it is now possible to gen- 
erate and detect light with precision greater 
than that of the shot noise limit. 

This article is for the analytical spectros- 
copist. It is intended to describe some basic 
concepts and recent results of electro-optics 
as they apply to optical measurement sci- 
ence. In particular, the basic principles of 
squeezed states and the art in generating 
sub-Poisson, squeezed states of light are dis- 
cussed. A minimum theoretical framework 
is given to aid in an understanding of the 
special properties of this light. Literature 
regarding optical statistics and nonlinear 
control is dense. For example, a “noise with 
optical” key word search on one engineering 
literature data base returned over 10,000 ci- 
tations from 1985 to 1995. However, most 
of this literature deals with noise reduction 
for specific cases or is theoretical in nature. 
Moreover, the increased accessibility and 
usability of literature on computer databases, 
and new CD ROM collections reduce the 
need for comprehensive literature reviews. 
Only key articles are referenced in this re- 
view article. Review articles and books are 
given where possible. 
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II. HISTORIC BACKGROUND 

There has been steady progress in under- 
standing light properties since Einstein re- 
ported the distribution for black-body radia- 
tion in 1909 and introduced the dilemma of 
particle-wave duality through the energy fluc- 
tuation equation.' The theory basis was ad- 
vanced with the advent of quantum mechani- 
cal models and the electronic measurement 
techniques of the 1 9 5 0 ~ . ~  The statistical na- 
ture of both chaotic thermal and laser light, 
as related to the uncertainty principle and 
coherence were understood by 1965.3 Co- 
herence and the interaction of light and mat- 
ter manifested in the observation that the 
coherent quantum states of light and matter 
are in~eparable.~ Concepts of coherent states 
of matter and electromagnetic radiation are 
now common, for example, in the opera- 
tional principles of Fourier transform NMR. 
Many books now address the topic of optical 
spectroscopy based on the common coher- 
ence of matter and light.5-6 Although this 
approach to optical spectroscopy is techni- 
cally more difficult than the isolated mol- 
ecule picture we prefer to use, the implica- 
tions of this approach are comprehensible 
and more complete. The implication of this 
model to chemical analysis is clear. The 
measurement statistics, such as mean and 
variance, are related to those of the light and 
the way that the light interacts with the 
sample. There are few examples of applica- 
tions of the quantum models for coherence 
spectroscopy measurement statistics to un- 
derstanding the parameters such as limits of 
detection, etc. in chemical analysis. Statis- 
tics for multiphoton absorption, Raman, 
stimulated Raman, and four wave mixing, 
among other cases, have been worked out 
from a fundamental ~tandpoint.~-~ 

Recently, significant advances in under- 
standing control of the measured statistics 
havetaken place. Nature yields states of light 
with measurable values that are limited by 
the uncertainty principle. Measured values, 

for example, optical field photon number 
and phase, and the fluctuations of these Val- 
ues can be described by quantum mechan- 
ics. Measurements may be described by the 
expectation values of quantum mechanics 
operators and the fluctuations by commuta- 
tion of the operators describing related mea- 
surements. Non-zero commutation values are 
a manifestation of the uncertainty principle. 
Some measurement statistics may be obtained 
from operator expectations and the commu- 
tation of the related operators. The expecta- 
tion is the mean value and the fluctuation, or 
variance, in the related measurements are 
obtained from both operator commutation 
and standard formulas relating the measure- 
ment to the statistical variance. This quan- 
tum mechanical approach to measurement 
statistics is strictly valid for single optical 
mode, coherent states, and may be extended 
to incoherent or thermal states by stochastic 
superposition of several coherent  mode^.^,^ 

111. PHOTON STATISTICS 

There are two main measurement tech- 
niques used to characterize statistics of opti- 
cal radiation. The first is through field mag- 
nitude measurements. Field magnitude 
measurement are made by using interfero- 
metric homodyne detection.6 This technique 
is important when examining phase-depen- 
dent statistics. The second technique is to 
measure photon number and its variance or 
the complete probability density.8 This is 
performed by direct photon count or detec- 
tor current measurement. Classic coherent 
optical states yield photon number measure- 
ment statistics that are Poisson distributed. 
The Poisson particle count distribution gives 
rise to the shot noise limit. However, the 
uncertainty in field amplitudes of different 
coherent modes are equal and limited by that 
allowed by the uncertainty principle. Differ- 
ent optical states can be generated wherein 
the field uncertainties of one component of 
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the wave (e.g., phase or amplitude) are less 
than that minimum allowed by the uncer- 
tainty principle for coherent states. These 
“minimum-uncertainty” states can have pho- 
ton number distributions with variances less 
than that of the Poisson. These “sub-Pois- 
son” states are nonclassic in that they do not 
result from the usual coherent states. These 
are squeezed states. A good overview of the 
development of nonclassic states derived 
from coherent states is given in Pefina’s 
c~llection.~ Teich and Saleh give a general 
development of sub-Poisson and anti- 
bunched states that includes chaotic and ther- 
mal  source^.^ 

A few minimum-uncertainty states have 
received most of the attention because of 
their potential applications in optical com- 
munications and measurement sciences. The 
first is quadrature phase squeezed light in 
which the uncertainty in the phase of one of 
two quadrature components of the electro- 
magnetic field amplitude, Ad,, is reduced at 
the cost of increasing the uncertainty of the 
other, AG2. These two quadrature compo- 
nents are the sine and cosine terms of the 
electromagnetic wave. The uncertainty prin- 
ciple applied to the fluctuations of the two 
quadrature terms results in o?o; 2 1/16, 
where o, are the variances of the di quadra- 
ture phase, o: = ((6, - (6,))’) = ((AGi)’), and 
the angle brackets indicate the expectation. 
A stabilized single-mode laser can operate at 
the “vacuum” fluctuation limit, wherein the 
equality holds in the uncertainty expression. 
With equal fluctuations in the two quadra- 
tures, of = @ = 1/4. This uncertainty is called 
the “vacuum” limit because uncertainty in 
the quadrature phases is true also for the 
ground or vacuum state. Phase sensitive 
homodyne or heterodyne detection can be 
used to measure phase shifts to a precision 
that is better than that which could be ob- 
tained with a classic state of light.lOJ1 This 
effect could have important implications in 
chemical analysis based on interferometric 
phase shift response. One such application is 

photothermal interferometry. There have 
been many technical improvements result- 
ing in the generation and measurement of 
light in these states. 

Another nonclassic state of interest is 
that of anti-bunched light. Photon bunching 
is a time or space correlated photon coinci- 
dence event. It can be described by a second 
order, that is, squared field or intensity, cor- 
relation function 

where @(t)  is intensity or power at time t .  A 
similar second-order correlation exists for 
space, g(’)(p), where p is a spatial coordi- 
nate. For coherent sources, g(2)(7) = 1, that is, 
there is no correlation between photons or 
photon detection events. Anti-bunched light 
is that which has reduced correlations at or 
near 7 = 0.9J2 The importance of this may not 
be immediately apparent. However, thermal 
sources exhibit g(2)(0) 2 1. Correlations be- 
tween photons produced from thermal 
sources was first observed in 1956 by 
R. Hanbury Brown and R. Q. Twiss13 by the 
spatial correlation of photon detection events. 
They used a 50% beamsplitter to separate 
the light from a Hg lamp into two beams 
from which they could measure spatial cor- 
relations. They found a significant deviation 
from g(2)(p) = 1 in that g(2)(0) > 1. Their later 
analysis revealed that the correlated photon 
events arise due to wave nature of electro- 
magnetic radiation and they coined the term 
“wave interaction” n ~ i s e . ’ ~ J ~  

Hanbury Brown and Twiss observed the 
bunching effect in spatial correlation. That 
bunching also occurs in time was confirrped 
by Morgan and Mandel.I6 The bunching ef- 
fect can also be found in the 1909 Einstein 
work that showed, in essence, that the fluc- 
tuation in the number of photons, n, was 
02 = @) + @)’. The first term part of this 
photon number variance expression is due to 
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the particle nature of light (i.e., the photon) 
and gives rise to shot-noise in the optical 
detectors. The second term, that proportional 
to the square photon count, is due to the 
“wave interaction” noise of Hanbury Brown 
and Twiss.14 This discovery launched the 
scientific endeavor wherein experimental 
observations were reconciled within the theo- 
retical basis of the statistical properties of 
light. 

It is known that the first term in the 
photon variance gives rise to the usual Pois- 
son probability density function (PDF)8J7 

Here the PDF is written in terms of the num- 
ber expectation or mean, (n), to avoid exces- 
sive parameter definitions. Typically, the 
PDF expectation is equal to a parameter, a, 
of the parent population. The number expec- 
tation operation results in (n)  = a. More 
fundamentally, the parent population param- 
eter is a = kp, where k is the number of 
sampled volumes or cells, and p (0 I p I 1) 
is the probability of measuring an event, 
such as photon detection, within each 
sampled volume. This parameter can also 
be cast in terms of time parameters be- 
cause photon production is a rate process. 
In this case k is replaced by the measure- 
ment time, t (s), and p by the generation 
rate, r (s-l). Photon detection experiments 
that yield Poisson PDF are called shot- 
noise-limited. 

The second term, observable for ther- 
mal sources and for short times, small vol- 
umes, and optical frequency intervals, and 
with photon high number d e n s i t i e ~ , ~ . ~  gives 
rise to quite a different photon count dis- 
tribution. In this case the variance is equal 
to the squared average photon number. In 
analytical spectroscopy, we would say that 
the signal to noise ratio (SNR) would be 
unity in this case. The Bose-Einstein dis- 
tribu tion 

gives both limiting results. With low photon 
numbers in the oscillator modes, the Bose- 
Einstein distribution appears to be Poisson. 
With higher photon mode occupation, ther- 
mal radiation produces an exponential dis- 
tribution, P(@,(@)) = (@)l exp(-W(@)), per 
emission direction. With ensemble averag- 
ing over polarization and space, the total 
PDF is P(@,(@)) = 4@(@)-2 e~p(-2@/(@)).~ 
The later black-body radiation probability 
density has a mean of (@) and a variance of 
02 = 1/2(@)2. The intensity proportional char- 
acter of the standard deviation is indicative 
of source flicker noise wherein the noise or 
standard deviation is proportional to the in- 
tensity itself. 

The photon number PDF can be used to 
obtain the expected mean and variance of 
the number count distribution using stan- 
dard methodsi7 

(4) 

for the mean and 

m / m  

n=O 

( 5 )  

is used to obtain the variance. For short count- 
ing times, the mean and variance may be 
related to the second-order coherence func- 
tion through 

Lasers produce Poisson distributed light 
even though the radiation is of small volume 
and optical frequency intervals, and the pho- 
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ton number densities are high. In fact, what 
analytical spectroscopists have come to be- 
lieve is normal Poisson distributions giving 
rise to shot noise limited detection is not 
produced by classic thermal sources, but 
rather by coherent laser sources. 

The Bose-Einstein distribution arises 
from thermal equilibration between the field 
and the emitters. The Poisson is found to be 
more appropriate for describing the statistics 
of coherent states generated by lasers, which 
becomes more apparent in the discussions of 
coherent states below. However, amplified 
spontaneous emission of a laser can be source 
of bunched thermal photons. The photon 
probability of this emission closely follows 
the Bose-Einstein distribution.18 Thermal 
sources in which small phase volumes are 
sampled, for example, narrow spectral band- 
width lamps, as in the Hanbury Brown and 
Twiss experiments, will exhibit Bose- 
Einstein distributed light. The effects of clas- 
sic Bose-Einstein light on optical absorption 
experiments has not concerned analytical 
spectroscopists in the past. This is because 
the thermal sources used were of extended 
area and interferometer and spectrometers 
were of limited wavelength resolution (see, 
for example, Teich and Saleh9 or Mandel 
and WolP). The underlying exponential PDF 
is not normally observed in thermal sources 
used in spectrophotometry. This is due to 
several factors. First, conventional sources 
are spatially larger than that of single mode 
radiation. The superposition of Bose-Einstein 
emitters produced by a spectrally and spa- 
tially broad source result in a photon number 
distribution that is essentially Poisson, an 
effect of the central limit theorem.17 Mandel 
and Wolf show that the photon number vari- 
ance is 0,2 = b) + b)2/~,  where p is the 
number of modes equal to the measurement 
to coherence time ratio.8 Second, the spec- 
tral bandwidth is broad and the light is not 
polarized. The coherence time is equal to the 
inverse spectral bandwidth, Av, for thermal 
sources. Third, the average mode occupa- 

tion number, (4) = (ehvkT-l)-l, is much less 
than one in the visible ultraviolet for incan- 
descent thermal sources ( T -  3000 K). Thus, 
0,' = b) + b)2/p- (n) should hold for suffi- 
ciently long photon counting times. The av- 
erage mode occupancy is higher in the mid- 
infrared. For example, the 10-pm photon 
occupancy is 1.62 for a 3000 K source and 
the photon number variance is 0,'- (n)*/p for 
unit p. The change in the photon number 
probability distribution with volume of a 
Bose-Einstein state has been experimentally 
c~nfirmed. '~  

Nonetheless, there is, a cautionary les- 
son within the phase space volume effects of 
thermal sources described by Bose-Einstein 
photon statistics. With the decreasing phase 
volumes of micro analysis, as when using 
optical fibers, and with the increasing spec- 
tral resolution of modern grating and inter- 
ferometric instruments, we may soon have 
to determine whether the measurements we 
are making with conventional thermal 
sources are truly shot-noise-limited. The way 
out of this trap is through anti-bunching the 
thermal light source. Anti-bunched light can 
be obtained by selective deletion of corre- 
lated photon events, for example, through a 
simultaneous multiphoton absorption process. 
In this case, the proportional noise term in the 
Bose-Einstein variance should be reduced and 
the resulting radiation may be Poisson with a 
photon number variance 0," = (n) and a sec- 
ond order correlation of g@)(O) = 1. Anti- 
bunched states should be able to be obtained 
from both thermal and laser sources. 

Thermal, Bose-Einstein distributed, and 
coherent, Poisson distributed states of light 
are the normal or classic states. Nonclassical 
states can be obtained by appropriately alter- 
ing the light through interactions with mat- 
ter, or, in some cases, by using space-charge 
limiting effects in charged species, in par- 
ticular, electrons. Nonclassical states of light 
can be described through the second-order 
correlation function. Extending the g(*) re- 
duction concept can result in sub-Poisson 
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light. With sub-Poisson states, the variance 
is less than that of the Poisson distribution, 
o,’< (n). In this case, the second-order co- 
herence is less than one near zero, g(2)(0) c 1. 
The state of the optical field that produces 
this sub-shot-noise light is referred to as a 
number density squeezed state. In the quadra- 
ture picture, these states are possible by 
amplifying the phase variance. The uncer- 
tainty relationship is still valid and a mini- 
mum-uncertainty state exists. Although the 
state of the art of these techniques is far from 
perfect, there are now several methods and 
devices that have been shown to produce 
number squeezed None of these have 
been applied to analytical spectroscopy to 
my knowledge. Most recently, realization of 
apparent sub-Poisson states using incoher- 
ent light emitting diode (LED) sources have 
been reported with increasing frequency. As 
with thermal light sources, it is difficult to 
describe the photon states using the quantum 
mechanical model. Instead, characterization 
of these are performed by direct measure- 
ment of the PDF. One may be reminded that 
the Hanbury Brown and Twiss correlation 
results were reported before a theory was 
developed to describe the effect. However, 
although sub-Poisson emission in LED 
sources have not been adequately described 
theoretically, they were predicted by Teich 
and Saleh.9 

IV. COHERENT STATES 

A. Quantum Description 

Coherent states are used to describe the 
properties of an ideal laser source. A coher- 
ent state is described for a single mode of the 
laser radiation. Each single mode has infini- 
tesimally narrow band width and is of a 
given phase. Finite band width laser output 
can be described as a collection of single 
modes. The summary given here is based on 
the classic paper by R. J. Glauber20 and has 
been used extensively to describe states of 
light.2J,8 

An electromagnetic field can be repre- 
sented by a set of states, In,), in mode k, of 
angular frequency 0,. The Hamiltonian may 
be represented by photon creation, 61, and 
annihilation, d,, operators 

H = -c 1 fiO,(h@, +(i,Lq) (7) 

2 k  

These operators have the commutation rela- 
tion 

where k and k’ are the indices of two modes 
and the delta function 8,,k,K = 1 only if k = k’, 
that is, for a single mode. The modes are 
independent, as specified by the delta func- 
tion behavior of the creation and annihila- 
tion operator commutation. The Hamiltonian 
for a single mode has eigenvalues, A q ( n ,  + 
U2). Thus, nk an integer quantum number 
representing the occupancy level or number 
of photons in the mode. The 6l and 8, oper- 
ate on the In,) eigenstates to raise or lower 
the number of photon in the mode 

These fundamental photon states are not 
convenient for describing the fields. Glauber 
introduced “coherent states”, commonly re- 
ferred to as in Glauber s t a t e ~ , ~ ~ ~  to describe 
the electromagnetic radiation obtained from 
single mode sources such as the laser. The 
Glauber coherent state definition and math- 
ematics associated with the theory was a 
turning point in quantum optics. Expansion 
in terms of the coherent states produced a 
mathematical frame work that was relatively 
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easy to work with and to extend to many 
measurement situations. The theory allowed 
relatively easy prediction of experimental 
observables, different photon states, and the 
experimental observables of these states. A 
brief summary of this theory is given here 
and some examples of observables are de- 
scribed below. 

The coherent state, la), with a complex 
amplitude a is defined as an eigenstate of 6 

The eigenstates are found from expan- 
sion of the In) photon states 

n 

Expansion coefficients are found from 
the recursion relationship between the pho- 
ton and coherent states and by choosing the 
phase of the coherent state such that (ala) = 1. 
The coherent states are found to be 

The average occupancy number is the 
Poisson distribution 

with mean, (n), and variance, 0,' equal to 
a*a. This also shows that the coherent state 
with eigenvalue, a = 0, is the ground state In) 
with n = 0. We take these coherent states as 
being appropriate representations of the field 
from a coherent source because of the ap- 
pealing attributes that (1) the photon number 
is that observed for single mode sources and 
(2) the average photon occupancy in the mode 
is proportional to the square of the coherent 
field. 

The coherent states are not orthogonal 
but can nonetheless be used as a basis to 
describe other coherent states. A density 
operator can be formulated 

where &a is used to indicate integration 
over the real and imaginary parts of a. For a 
pure state, p =la)(al. This functional defini- 
tion of the density matrix, p, is commonly 
referred to as the Glauber-Sudarshan P dis- 
tribution" because Sudarshan independently 
arrived at the same result.'l Some character- 
istics of the density matrix are that it is Her- 
mitian, has nonnegative eigenvalues, can be 
used to find the mean value of an operator 
through the trace of the product Tr( pA } = 
(A) ,  and it has unit trace, T r ( p }  = 1. Inas- 
much as the coherent states are normalized 
(by choice of phase), 

Tr{p} = I P ( a )  d 2 a  = 1 (15) 

Thus, the P ( a )  term is similar to a probabil- 
ity density for the coherent states. The prob- 
ability density function for the photon num- 
ber occupancy can be found from (nlpln), 
which is, of course, Poisson for pure coher- 
ent states. On the other hand, the density 
matrix is used to determine moments of the 
probability distribution. For example, the 
mean photon number is found from Tr( @+ti 1. 
Glauber shows that higher orders of the pho- 
ton number distribution, (n'), (n3), may be 
obtained if the creation and annihilation op- 
erators are ordered 

T r { p d t " ~ m }  = a *" a"P(a) d'a (16) 

Any combination of creation and annihila- 
tion operators may be ordered in this fashion 
using the commutation relationship. For ex- 
ample, the photon number variance, 0,' = 
Tr{ p(ti+& - Tr{ for a single coherent 
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state can be shown to be 0,' = Tr{ph+8} = 
(n) = da. The correlation functions may also 
be determined from the density matrix. In 
the important case of the second-order cor- 
relation function 

Tr{pCit2Ci2} 

Tr{ pcitd}' (17) p ( 0 )  = 

The second-order coherence function for 
a coherent state is unity, as expected for 
coherent radiation. 

The density matrix may serve to connect 
the quantum description and the measure- 
ment statistics. Several examples of how the 
density matrix may be used to obtain photon 
statistics for coherent states have been 
~ h ~ ~ n . ~ , ~ v ~ ~ - ~ ~  Particularly appealing proper- 
ties is that the Bose-Einstein distribution can 
be obtained and the form of P(a) for mul- 
tiple modes is factorized, implying that the 
total probability is a product of the iodi- 
vidual probabilities, as expected from fun- 
damental measurement statistics.17 Still, a 
problem exists in the density matrix for this 
basis. Because coherent states are not or- 
thogonal, different linear combinations of 
coherent states may be used to describe a 
single elementary photon number distribu- 
tion. Thus, P(a) may be singular for certain 
photon states. 

These states specifically describe light 
within a cavity. For example, the description 
is valid for stationary modes within a laser 
oscillator and the a are the eigenvalues of 
the wave functions within this closed sys- 
tem. Similarly, the photon number, or its 
distribution, is that of the cavity modes. These 
parameters are also directly related to those 
measured from a dissipative system. In par- 
ticular, cavity mode photon number statis- 
tics for a coherent state are the same as those 
of the field produced by the laser. The con- 
nection must be made with some care. The 
output coupler releases photons at a rate pro- 
portional to the pumping rate by random 

removal of photons from the cavity. Subse- 
quently, the measured photon count statis- 
tics will change by the random removal (Ber- 
noulli deletion9) process applied to the cavity 
photon statistics. Unbiased photon extrac- 
tion at the output coupler is technically a 
binomial rate process. With low transmis- 
sion output couplers, the Poisson theorem 
applies, and removal is a Poisson rate pro- 
cess. Subsequently, any cavity photon num- 
ber distribution will result in a superposition 
of Poisson rate processes. With the Poisson 
photon number distributed coherent cavity 
states of a laser, the Poisson removal rate 
process results in another Poisson process 
with a2 replaced by a2rt, where r is the 
removal rate and t is the measurement time. 
Essentially, this is because the product of 
two random processes is represented by their 
convolution and the convolution of two Pois- 
son processes is itself a Poisson process.17 It 
is also worth noting that even if the photon 
number states are squeezed in the respect 
that only one state is occupied within the 
cavity, the Poisson random removal rate pro- 
cess will result in a Poisson distribution out- 
side the cavity if the removal rate is suffi- 
ciently low. 

B. Quadrature Components 

The coherent states are eigenstates of the 
annihilation operator. Photon state creation 
and annihilation operators are not Hermitian 
and do not correspond to physically observed 
quantities. Hermitian operators may be ob- 
tained by linear combination of the photon 
state  operator^^^^^ 

where 6, and 8, are related to the position 
and momentum operat01-s~~ and have the 
commutation relationship 

1 
[ C i i , C i 2 ]  = - 

2 
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It follows that the eigenvalues or states 
of the Glauber coherent functions may be 
decomposed into corresponding components, 
a = a, + ia,, such that 81,zlal,2) = q,,Ia,,,). 

The physical significance of the opera- 
tors may be found by exarriining the electric 
field. The electric field, E(r,t), of a single 
mode coherent state can be expressed in terms 
of the photon operators6.' 

where y(r) is the space-dependent term 
i(hc0/2&)*'~E(r). Expressing the electric field 
in terms of 8, and 6, 

Clearly, 8, and 6, have eigenvalues that are 
amplitudes of the sine and cosine quadrature 
components of the electric field. These field 
quadrature components are orthogonal. It is 
interesting that this equation also represents 
a state of a harmonic oscillator.26 With this 
model, 8, would be the position operator and 
6, that for the momentum. Position and 
momentum do not commute and the uncer- 
tainty principle states that the state of each 
cannot be simultaneously known to high 
precision. 

The variances in the quadrature compo- 
nents are found using at,, = a((6,,, -(ci,,,))~) = 

where the (4,) are used to indicate 
the trace density matrix operation, Tr{ pB,,,}. 
The variances of the two quadratures are 
equal with 

uncertainties that are the minimum allowed 
by the uncertainty principle. These states 
may be more clearly understood by their 
graphic representation. A convenient coor- 
dinate system is one where the two orthogo- 
nal axes are the sine and cosine field quadra- 
ture components. The center of the state is 
the eigenvalue a, at the coordinates (a1,a2). 
The distance to the center of the state is lal. 
The phase of the field is represented by angle 
that eigenvalue vector makes with the real 
axis. Interestingly, the variance of the eigen- 
values (al,%) do not change with IaI, that is, 
it is invariant to the displacement operation. 
This should not be confused with the photon 
number variance, which does change with 
lal. 

V. QUADRATURE SQUEEZED 
STATES 

A. Quantum Description 

Quadrature squeezed states occur when 
the quadrature variances are unequally par- 
titioned while still maintaining a product 
minimum-uncertainty state. In other 
words, the quadrature variance product is 
1/16, but the variances are not both equal to 
114. In this case the phase variance of one 
quadrature is less than that of the other and 
less than that of the coherent state. This is 
illustrated in Figure 1. In the first part, A 
represents a coherent state with equal vari- 
ance in both quadratures. Two quadrature 
amplitude variance squeezed states are rep- 
resented in parts B and C. Part B represents 

1 
(~4,)  = ( ~ 6 ; )  = - 4 

a state where the amplitude variance is less 
for the high-amplitude quadrature compo- 
nent. This can result in a photon number 

relationship is variance less than that produced by coherent 
light. In Part C, the amplitude variance is 

1 less for the low-amplitude component. This 
16 (23) type of squeezing, or anti-squeezing, pro- 

duces a state with higher photon number 
variance. A theory that describes the rela- 
tionship between the amplitude squeezed (or 

(22) 

The uncertainty 

( ~ 4 ~ )  = ( ~ 8 ; )  2 - 

Thus, the coherent states are minimum- 
uncertainty states in the sense that they have 

109 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
3
:
3
8
 
1
7
 
J
a
n
u
a
r
y
 
2
0
1
1



Quadrature 1 
A 

FIGURE 1. Probability density plots of (A) coherent state; (8) and (C) quadrature squeezed states. The two 
quadrature components make up the axes. The probability plots shown with scattered points indicate the range 
of field amplitude measurements. The vector distance to the center of the field amplitude probability is the 
proportional to photon number or optical power. The direction of this vector indicates the principle quadrature. 
Quadrature squeezing as in part (8) decreases the variance in the field or power measurements. Squeezing 
as in part (C) increases the variance. 

anti-squeezed) states is examined here. Ex- 
perimental realizations of squeezed states 
and their measurement is discussed later. 

In theory, quadrature squeezed states can 
be composed using either “two-photon co- 
herent states”25 or by using the “squeeze 
operator”. 10,27,28 Two-photon coherent states 
are eigenstates of an operator composed of a 
linear combination of photon creation and 
annihilation operators 

where u and v are complex, under the con- 
straint that, [^b,̂ bt] = 1. These states may be 
created in a two-photon laser or in degener- 
ate parametric amplifi~ation.~~ Similar to the 
Glauber coherent states, the eigenstates of 
the two-photon coherent states are defined 
by hip) =PIP), and many operations, for 
example, displacement and density matrix 
construction, can be similarly defined. The 
operator may be expanded in the quadrature 
components, b = b, + ib,, as can eigenvalues 
of the two-photon coherent states, p = P + 

A , .  ,. 
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I I I 1 

Quadrature 1 
FIGURE 1B 

ip2. Because the electric field can be de- 
scribed in terms of the photon creation and 
annihilation operators, it may also be de- 
scribed in terms of the two-photon coherent 
state ^b operators. 

One important difference between 
Glauber coherent states and the two-photon 
coherent states is that the uncertainty in the 
quadrature phase components are not neces- 
sarily equal or at the minimum allowed by 
the uncertainty principle. This can result in 
quadrature squeezed light. First, minimum- 
uncertainty states are produced when u = &, 
where 6 is a real number. The u and v param- 
eters for general two-photon squeezed states 
may be expressed as26 

u = coshr 

v = ieie sinh r 

where r is called the squeeze factor and 8 is 
a phase that must meet certain criteria.25 As 
discussed by Caves'O and Walls,ll quadra- 
ture squeezed two-photon states are Glauber 
states with eigenvalues rotated by 8/2. The 
squeeze factor effectively attenuates one 
quadrature component of the eigenvalue 
while amplifying the other. Another differ- 
ence is that although coherent states are gen- 
erated with terms linear in creation and an- 
nihilation operators, the squeezed states are 
generated by quadratic terms. This fact turns 
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C 

I I I I I 

Quadrature 1 

FIGURE 1C 

out to be important in the quest for experi- 
mental realizations of quadrature squeezed 
light. Squeezing has been found in systems 
wherein the output can be described in terms 
of quadratic creation and annihilation opera- 
tors. 

The models predict that the quadrature 
variances are 

(A4') = 1/4 e-2r 

(Ad:) = 1/4 eZr 

I 1 1 I 

As the absolute magnitude of the squeeze 
factor increases, the quadrature phase vari- 

ance decreases in one component while in- 
creasing in the other. The r may be either 
positive or negative valued, representing 
squeezing of either the 8, or 8, quadrature 
component, respectively. Notice that the 
uncertainty principle is maintained as 
(Ad;)(Ad,2) = 2/16. In fact, these are mini- 
mum-uncertainty states. 

6. Photon Statistics 

An interesting change occurs in the mean 
photon mode occupancy for the squeezed 
state 
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(n) = 2+ lv12 = 1aI2 +sinh2 Y (27) 

where the right equation results from the 
rotation relationship between Glauber co- 
herent states and minimum-uncertainty two- 
photon stateslo 

p, + ip2 = (a, + ia2)e-ie’2 

That the mean number is not equal to the 
squared amplitude of the eigenvalue should 
not be too surprising given that the width of 
the a (or p) eigenvalue distribution is broad- 
ened due to distortion of the two-dimen- 
sional probability density. The sinh2 r term 
in (n) represents the excess quantum noise of 
the squeezed vacuum state. The photon num- 
ber variance in the squeezed state is calcu- 
lated from 0,’ = @t2d2) + @td) - is10.25 

0; = (u*p*-v*p)(ug-vp*) 

+ 2]Vl2 (1 + IVI’) 

2 
0; = lacosh r - a * ieie sinh rl 

+ 2cosh2 r sinh’ r (29) 

where (&t282) is determined using Yuen’s Q 
matrix approach. The angle, 6; causes the a 
product to be real. Choosing a direction for 
a fixes 8 for minimum-uncertainty states. 
The excess quantum noise in the vacuum 
squeezed state, that is, that with zero a, has 
a mean photon number of sinh2 r and a pho- 
ton number variance of 2 cosh2 r sinh2 r. 
These may not be important from a practical 
standpoint. Typical values for Irl are on the 
order of 1. In this case, the mean squeezed 
vacuum photon number is 1 and the standard 
deviation is 2.5. For cases where laI2 $- 

sinh2 r, (n) - laI2 and of - la12 exp(82r), for 
real a. It should be noted that Y may be 
positive or negative valued. Thus, light with 

more than the shot-noise-limited variance 
may be produced. 

A plot of the theoretical signal-to-noise 
ratio that would be obtained measuring 
squeezed light with a unit quantum efficiency 
detector is illustrated in Figure 2. The squeeze 
parameter increases from right to left and the 
number of photons increases moving from 
front to rear. The height of the surface is the 
SNR. As a reference, the line on the right 
edge of the surface corresponds to the usual 
shot noise limit wherein SNR = The 
ridge corresponding to the maximum SNR 
occurs for a squeeze parameter of about 1.5 
in this range. It is clear that quadrature 
squeezing significantly enhances the SNR in 
this range. Just as some squeezing can in- 
crease the SNR, too much squeezing will 
increase the variance through the hyperbolic 
terms. In this case the limiting signal to noise 
ratio, ( n ) / q  - 2-’12, for r + 00. The minimum 
photon number variance is calculated to 0,” = 
(n)2D for a quadrature squeezed state.29 

The reason why the SNR decreases with 
r beyond optimum may be understood in 
terms of the quadrature distributions and the 
relationship between a and n. Without 
squeezing, the two quadrature components 
of a are normally distributed, with equal 
variance in both camponents. Because n is 
obtained from laI2 = q2 + @, we may con- 
sider that there are two components to the 
photon number variance; those due to a, and 
a2 variances. From propagation of errors, 0,” 
= 4ato2, + 4q20i2, Minimum-uncertainty a 
states have oal and oa2 equal to 1/2. Thus, of 
= @ + @ =laI2 = h), as expected for a Pois- 
son distribution. With reduced photon num- 
ber fluctuation squeezing, the (a,,q) distri- 
bution is narrower along one of the a axes 
and wider along the perpendicular axis. 
However, although the narrower a axis dis- 
tribution decreases the photon number vari- 
ance, say through the a: term, the wider a, 
distribution may increase the width of the a 
distribution (the photon number is propor- 
tional to the squared distance from the origin 
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to the points in Figure 1). In this case, 02 = 
ate-2r + c$e2r. Again, the increase in photon 
number variance is due to the increase in la1 
variance that arises from distortion in the a 
distribution. 

Some additional behavior of the photon 
statistics of squeezed light may be seen by 
examining the PDF. Yuen noted that the 
photon number of a two-photon coherent 
state was not Poisson, but rather25 

exp ( - - p  11-B --p*2 lUA ) 
where H J z ]  is the nth Hermite polynomial 
of the complex argument, z .  The PDF is the 
product with the complex conjugate. As 
above, the eigenvalues may be represented 
in terms of those of the la) for the correct 
rotation. In addition, because minimum-un- 
certainty states occur for u/v = S, with real 6, 
v/u = ftanh r. Minimum-uncertainty two- 
photon coherent d, quadrature squeezed states 
(i.e., real a) yield the photon number den- 
sity26,30 

P(n;a, r )  = sech re 

H,’ -((tanh’l2 r + ~ o t h ’ / ~  Y)J L 
This complex PDF indicates how quadrature 
squeezing will affect the “noise” in the mea- 
sured photon number. 

The photon number distribution is plot- 
ted in Figure 3 as a function of the squeeze 
parameter, r, from 0 to 2, and with real a of 
5. The distribution is Poisson in the limit as 
tanh r +O. The squeezed state reduced to a 
Glauber coherent state in this limit, that is, 

v + 0. The Poisson distribution is observed 
at the front of the plot, Y = 0. As r increases, 
indicating more quadrature squeezing, the 
PDF initially narrows, in the sense that the 
variance decreases. The most probable pho- 
ton number also increases with increasing r. 
For larger amounts of squeezing the distri- 
bution broadens and becomes periodic. The 
oscillating photon number probability den- 
sity has been described in terms of the asym- 
metric section that a quadrature squeeze state 
cuts through the phase space of the harmonic 
os~ i l l a to r .~~  The normal concept of variance 
may not be meaningful for highly squeezed 
states at low photon number density. The 
point where the photon number distribution 
width is minimum yet there is no oscillation 
is for r - 0.5, in qualitative agreement with 
the estimate of r I (2/3) ln(9md8) for no 
oscillation. Oscillation in number density 
does not occur for large a. Using the fact 
that H,[z] =(2z)” for large z results in 

This is similar to a Poisson distribution with 
(n) = 02 = [a( 1 + tanh r)I2. The decrease in 
the theoretical SNR with greater than opti- 
mum squeeze parameters observed in the 
previous figure is then due to the broadening 
of the photon count distribution associated 
with high r and laI2. 

C. Second-Order Correlation and 
Anti-Bunching 

As shown above, both quadrature and 
photon number squeezing can result in sub- 
Poisson light generation. The relationship 
between squeezing, anti-bunching, as pre- 
dicted through second-order coherence, and 
sub-Poisson photon counting statistics has 
been described by several a ~ t h o r s . ~ . ~ J  1,31-33 

These states of light are not necessarily re- 
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lated. The field correlation can be calculated 
to any order using g(") = @t"6a)/(6tci>". Pho- 
ton anti-bunching, and bunching, is related 
to the second-order correlation g(2) = @t2B2)/ 

The latter can be evaluated in terms 
of the variance 0,' = @+'a2) + @it&)- (~?tii)~, 
and mean photon number (n)  = eta),  

experimental realization. Based on a straight- 
forward interpretation of Yuen's two-pho- 
ton coherent state operator, b = u6 + vdt, 
Walls noted that mixing a coherent mode, 6, 
with its phase conjugate, dt, such that 1u12 - 
lvI2 = 1 will produce these squeezed states. 
Subsequently, schemes based on optical 
phase conjugation through four-wave mix- 

With no squeezing, the variance and 
mean are equal and g(2) = 1, indicative of a 
Poisson photon number count distribution. 
Sub-Poisson light occurs when the photons 
are anti-b~nched.~ An operational definition 
of "sub-Poisson" is a photon number count 
distribution wherein the mean number of 
photon counts is greater than the variance 
(n)> 0,'. Anti-bunching occurs when the sec- 
ond-order coherence function is less than 
one, g(2) < 1. For this to be true, (0,' - (n))/ 
( T Z ) ~  < 1, which is the equivalent to the sub- 
Poisson condition (n) > 0,'. Thus, anti- 
bunched light is sub-Poisson in the respect 
that the mean photon number is greater than 
the variance. For quadrature squeezed light, 
the condition for anti-bunching is 2(n)> er 
sinh r(2 sinh 2r + 1). This condition can 
usually be met because of the positive expo- 
nential Y dependence. 

D. Quadrature Squeezed Light 
Production 

The theory of quadrature squeezed light 
was developed long before the first experi- 
mental realizations. Several theoretical pre- 
dictions were found to be true and theory 
guided the experimental aspects. Even the 
applications of squeezed light in communi- 
c a t i o n ~ ~ ~  and optical measurements'OJ were 
discussed and in some cases theoretically 
developed before the first realization. Wallsll 
reviewed several predicted means of quadra- 
ture squeezing prior to the first successful 

ing interactions could produce quadrature 
squeezed light. This experimental proof came 
more than 10 years after the initial predic- 
tions of quadrature squeezed states. Two 
things happened in that 1 0-year period. First, 
the theory was examined by several authors 
who added thoughts toward experimental 
realizations. Second, the technology of co- 
herent light generation and stabilization, as 
well as the means for detecting quadrature 
squeezed states, were developed. 

In 1985, Reid and Walls35 extended the 
theory of four-wave mixing and degenerate 
four-wave mixing for quadrature squeezing. 
The first experimental realization was ob- 
tained by Slusher et a1.36,37 later that year. 
The experiment used nondegenerate four- 
wave mixing with a cavity. The experimen- 
tal apparatus was complicated, primarily 
owing to the fact that definitive detection of 
squeezed states requires a measurement stan- 
dard at the shot noise limit. Sodium vapor 
was used as the nonlinear mixing medium. 
Squeezing was detected using a balanced 
detector system. The coherent excitation was 
mixed with the squeezed light produced by 
four-wave mixing within a cavity. A cavity 
was used to build up appreciable amounts of 
light in the squeezed state. Data analysis 
revealed a 0.3 dB noise suppression, or a 7% 
reduction in noise, corresponding to almost 
20% squeezing of the cavity output. 

Although a 0.3 dB noise reduction may 
not seem impressive in retrospect, it should 
be kept in mind that this was the first time 
that such a nonclassic state of light was ob- 
served. In addition, there was a lot of excess 
noise in these experiments that obscured the 
squeezed light measurements. These included 
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Johnson noise in the electronic circuitry and 
acoustic or phase noise due to small changes 
in optical pathlengths in the interferometers 
and the homodyne detector. The excess noise 
sources may be substantially reduced with 
current detector technology. additional, ex- 
cess noise was attributed to spontaneous 
emission of the sodium vapor used as the 
active medium. 

More insight into the potential means for 
squeezed light generation can be obtained 
by examining the quantum mechanical op- 
erators for field generation. The displace- 
ment operator for production of coherent 
states of light is linear in creation and anni- 
hilation  operator^.^.^ For example, a coher- 
ent state, la), can be produced by displace- 
ment of a vacuum 

Quadrature squeezed states are similarly 
produced with a "squeeze operator"lOJ 12-28 

(35) 

Thus, squeezed states result from second- 
order interactions of light because the squeeze 
operator uses quadratic creation and annihi- 
lation operators. Walls pointed out that a 
prototype interaction Hamiltonian for these 
second order interactions would be of the 
form 

where the x(") are nth order optical suscepti- 
bilities and E is the field amplitude. Optical 
parametric amplification is described by this 
Hamiltonian with a x(2) process, whereas 
four-wave mixing is a x(3) process. The gen- 
eral form of the equation also allows for the 

possibility of squeezed state production by 
second harmonic generation, multiphoton ab- 
sorption, and coherent Raman effects. (How- 
ever, stimulated Raman light produced with 
coherent sources is super-Poisson with an 
exponential PDF 3w.) 

Wu et al. observed quadrature squeezed 
states with parametric down conversion in 
1986.41 The degree of squeezing was small 
but observable. Later Kimble, Wu, and 
Xiao42-44 refined the apparatus and observed 
squeezed states produced in an optical para- 
metric oscillator (OPO). The frequency 
doubled output of a ring Nd:YAG laser 
(0.53 ym) was used to pump a MgO:LiNbO, 
OPO. The Nd:YAG was frequency locked 
to an external cavity and had a linewidth of 
only 100 kHz. The resonator of the OPO was 
tuned to lock the OPO output to a radio 
frequency sideband of the 1.06 pm Nd:YAG 
fundamental. Balanced homodyne detection 
was performed by mixing the 1.06 ym 
Nd:YAG fundamental, a local oscillator, with 
the OPO output. Low-noise PIN photodiodes 
were used as detectors. An acousto-optical 
attenuator was used to reduce the Nd:YAG 
local oscillator power and thereby optically 
balance detection. Noise in the homodyne 
detector was suppressed by 4 dB under the 
shot noise limit (a 60% noise reduction). 

There are many other examples of 
quadrature squeezing based on the paramet- 
ric and other intracavity non- 
linear interactions with both continuous and 
pulsed light  source^,“^.^^-^^ nonlinear suscep- 
tibility in  semiconductor^,^^ and in optical 
 fiber^.^^-^^ The best example of Breitenbach 
et al.45 who not only demonstrate 5.5 dB 
squeezing with a monolithic OPO, but 
also perform exquisite statistical analysis of 
the resulting light. However, quadrature 
squeezed states are not easy to obtain or 
utilize. The many predicted applications have 
not followed. Most reports on applications 
of quadrature squeezed light have been theo- 
retical. The main problem with quadrature 
squeezing based on nonlinear optical pro- 
cesses is that excess pump laser noise usu- 
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ally degrades the squeezed output56 to the 
point where the squeezed light is only slightly 
better than the shot noise limit. 

E. Detection of Squeezed States 

There are three main techniques that may 
be employed to confirm quadrature squeez- 
ing. The first is to measure the photon count 
distribution with an ideal detector, that is, 
one with unit quantum efficiency. Squeez- 
ing would be indicated by a measured pho- 
ton number distribution wherein the width 
of the distribution is not that expected based 
on the Poisson distribution. The theory pre- 
dicts that the variance in the photon number 
should be less than that of the Poisson distri- 
bution for moderate squeezing parameters. 
This variance reduction occurs when both 
quadrature components are measured. Addi- 
tionally, oscillations in the photon number 
distribution may be observed for high squeez- 
ing and low number counts. The latter mea- 
surements are not commonly used to detect 
quadrature squeezing, but have been used 
extensively to detect photon number-phase 
squeezed states discussed below. Correla- 
tion analysis, like the Hanbury Brown-Twiss 
experiment,13-15 or temporal correlation 
analysis8?l6 may also be used to detect the 
quadrature squeezed states. 

However, photon statistics and correla- 
tion measurements are based on fourth or- 
ders of the complex electromagnetic field 
amplitudes, whereas quadrature squeezing 
is a second-order e f f e ~ t . ~ ' - ~ ~  A more straight- 
forward method to measure quadrature 
squeezed light is therefore to use an inter- 
ferometric technique wherein the noise sta- 
tistics of each quadrature component can be 
measured. This is accomplished by mixing a 
local oscillator with variable optical phase 
with the squeezed light at a beamsplitter. 
The resulting light is detected with use of an 
optical balanced mixer and processed with 
power-law processing electronics, such as a 
spectrum analyzer. The frequency of the lo- 

cal oscillator may be different than that of 
the squeezed light. Measurements at the in- 
terference or beat frequency between the local 
oscillator and the squeezed light moves the 
measurement frequency out of the flicker 
noise and allows the use of an electronic 
spectrum analyzer. The relative phase of the 
two optical signals is varied with a piezo- 
electric mirror. 

VI. PHOTON DETECTION 
STATIST1 CS 

Many experimental measurements of the 
states of light have been based on noise spec- 
tral density measurements. Squeezed states 
of light may be detected by direct detection 
and reconstruction of the photon count dis- 
tribution, 18,34 using balanced homodyne de- 
tection with a local oscillator,6~36,37~57-59 or 
simply using a balanced m i x e P 2  similar to 
that used in the Hanbury Brown and Twiss 
experiments. 

A. Balanced Detection 

A balanced detector is illustrated in Fig- 
ure 4. Here the optical radiation with a power 
a0 is split into two nearly equal beams with 
powers and a,. Differences in the optical 
powers or photodiode efficiencies are com- 
pensated by using a variable attenuator in 
one of the beams. Signals produced by the 
two photodiode detectors, i, and i,, propor- 
tional to a, and a2, respectively, are elec- 
tronically processed. The sum, Ci = i, + i,, 
and difference, Ai = i, - i,, current signals 
are amplified, and the noise power analyzed 
with a spectrum analyzer. The spectrum ana- 
lyzer produces a signal that is the power 
spectrum of the noise in the sum and differ- 
ence signals. In addition to allowing deter- 
mination of the noise statistics, the balanced 
detector may reduce the influence of detec- 
tor noise on the fieldphoton noise analysis. 
Analysis of the sum and difference currents 
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FIGURE 4. A balanced detector consisting of a beamsplitter and two detectors. The power in the two beams 
is balanced with the variable attenuator placed in one of the branches. Electrical current from the detectors 
is either added or subtracted, producing the sum, C, and difference, A, currents, respectively. 

allows a convenient means to compare pho- 
ton statistics to Poisson distributed coherent 
light. 

Balancing the optical power, or rather 
the photodiode currents, by attenuation of 
the optical power in one branch can be 
troublesome. This is especially true if the 
incident radiation has random polarization. 
With polarized light, a polarizing beam- 
splitter in combination with a W2 plate placed 
in the Qo beam can be used to balance the 
light between the two  detector^.^^.^^ 

The statistics of the analysis will first be 
described using the photon count or charge 
accumulated in a charge-coupled device 
(CCD) detector, as it is easier to see twhat 
happens at the beamsplitter in this case. This 
treatment assumes that the intensity of light 
does not change in time. If the flux fluctu- 

ates on the time scale of the measurement, 
and if the photon detection events are not 
correlated, then the mean photon number at 
time t is the integral over the measurement 
time, Ta 

t*T 

(n) = J: Qp(t’)dt’ (37) 

Photon count means and variances are ob- 
tained through replicate measurements. Prob- 
ability distributions may be obtained using 
mu1 tichannel analysis. 

6. Beamsplitter Partitioning 

The beamsplitter produces two beams, 
Q, = X@,, and Q2 = (1 - mao, where X - 
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1/2. Splitting the beam into two components 
by the passive beamsplitter is a random pro- 
cess. The statistics of photon partitioning 
between the two beams are similar to Ber- 
noulli trials, and are described by the bino- 
mial distribution17 

ton statistics in each beam when the input 
beam is Poisson. The photon number mean 
and variance are given by the product of the 
input photon number with the efficiency of 
the partitioning to a particular beam. (nl) = 
(n)X for and (n2) = (rt)(l - X )  for a2 with 
variances equal to the means in both cases. 
Recombining @, and a2 beams is repre- 
sented by the convolution of the individual 
PDF, P(n,)*P(n,). Recombination results in 

~ n! X"' (1 - x p  
(38) e(n17n2) = 

where n1 and n2 are the numbers of photon in 
beams Q1 and a2 over the same period. For 
a loss-less beamsplitter, the total number of 
photons is conserved. 

For an input beam with Poisson photon 
statistics, the photon statistics in resulting 
the split beams is the product of the Poisson 
input, P(n,(n)), and binomial partitioning, 
Pn(n,,n2), PDFs, summed over all possible 
input beam n. For replicate samples of the 
input beam over a given time period, the 
average number of photons (n), with a mea- 
surement variance is 0," = (rt). Using n = n, + 
n2, the PDF for replicate measurements in 
either split beam can be found. For the 
beam 

m 

n=O 

where the first PDF in the sum is the Poisson 
source and second is the binomial beam- 
splitter PDF. The summation can be evalu- 
ated, yielding 

n1 ! 

Clearly, binomial partitioning of photons 
between two beams results in Poisson pho- 

the original input beam Poisson PDF, as the 
sum of two Poisson processes is a Poisson 
process. Similarly, the sum of photon counts 
produced by two perfect detector in the Ql 
and Q2 beams would have mean, (Cn) = (rt), 
and variance, oin = b). 

An effect similar to the partitioning of 
photons at a beamsplitter occurs for any loss 
processes. Loss of photons, for example, with 
a less than unit quantum efficiency detector 
or loss due to optical absorption or scatter- 
ing, is a random process equivalent to parti- 
tioning photons into a detectorless channel 
with a beamsplitter. In this case the process 
efficiency, or detector quantum efficiency, 
q, where 0 I q I 1, takes the place of the 
beamsplitter ratio X .  

C. Photons and Charge 

The average charge produced in the de- 
tectors (producing a maximum of one charge 
carrier per photon detection event) over the 
sample period are ( q l )  = qe(n)X and (q2) = 
qe(n)(l - X), where e (C) is the electron 
charge, it is assumed that both detectors have 
the same quantum efficiency, q, and that the 
quantum efficiencies do not fluctuate. The 
photoelectric charges, q1 and q2, are mea- 
sured directly when using an integrating 
detector (e.g., a CCD). (The later assump- 
tions are generally not true. However, bal- 
ancing can be used to account for efficiency 
differences. Fluctuations in quantum effi- 
ciencies is thought to be a fundamental flicker 
noise source in current generating detectors 
for example, Fang, P. et al., J. Appl. Phys. 

nl 
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1989, 65, 17661. This noise source may be 
detected and compensated for with spectral 
noise analysis. This llfand shot noise are 
probably not present in CCD devices [Van p ( c q )  = p(qI)p(q , )  

11.) The variance in charges measured with 
the detectors are a: = r\e(q). 

nal is obtained from the PDFs for the indi- 
vidual charges. Defining the individual 
charge PDFs 

balanced. The summed charge, Cq = q1 + q2, 
is obtained from the convolution 

Vliet, C. M. Solid-state Electron. 1991,34, &=q1+92 

= e-(qI)-(qz) (44) 
((41 ) + (42 ,)" Statistics of the detector difference sig- 

Cq! 

The mean and variance of this Poisson 
distribution are 

4 

where (4)  are defined above, the PDF for the 
charge difference, Aq = q l -  q2, is 

(3; = c (&I2 p(cq) - (cqY = (4 , )  + (4,) 
4 

The average and variance can be ob- 
tained by summing over Aq prior to the sum 
over q2. The results are 

(45) 

which with the photon number-charge rela- 
tionships yield (Xq) = v ( n )  and a& = ~ ' ( n ) .  

Important to note here is that the vari- 
ance is produced from the optical photon 
number statistics, not the electron statistics. 
Presently, cooled CCD detectors with dark 
electron production rates on the order of a 
few electrons per hour are available so the 
statistics of the measurement charge are prob- 
ably accurate without accounting for detec- 
tor dark noise. The same result may be ob- 
tained assuming q ,  and q2 come from a 
normal Gaussian distribution with equal 
means and variances, and applying of the 
usual propagation of errors procedure to de- 
termine the variance in the difference. 

D. Photon Statistics of Ideal 
Squeezed Light 

4 

Substituting the definitions for the (q),  
(Aq) = r\e(n)(2X - 1) and o& = qe2(n). For 
balanced signals, X = 1/2, and (Aq) = 0. The 
differential charge variance is proportional 
to the photon number variance of the input 
beam regardless of whether the signals are 

For the most ideal light, that is, zero 
photon number fluctuation, the beamsplitter 
produces two beams with statistics given by 
the binomial PDF. The PDF for photon num- 
ber in the two split beams are 
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These distributions have the means and vari- 
ances: (nl) = b)x, (n2) = b)(1 - X), 0: = @ 
= b)X( 1 - X). The photon number variance 
is equal in both beams. This is because any 
random loss of photons from a given beam 
will result in random gain in the other beam. 
The variance is a maximum for X = 1/2, in 
which case o2 = 1/4b), a factor or two less 
than that produced by splitting a Poisson- 
distributed coherent state input beam. On 
the other hand, the photon number fluctua- 
tions in the two detectors are correlated. A 
loss of photons from one split beam necessi- 
tates a gain in the other. The difference pho- 
ton number between the two detectors is 
An = nl-  n2, which, on the average, is An = 
(n)(2X - 1). The variance in photon differ- 
ence is ok = 4(n)X(1 - X). With a perfect 
50% beamsplitter, the photon number differ- 
ence variance is ok = b), exactly that of a 
coherent input beam with Poisson photon 
statistics. This implies that the variance in 
the difference channel of the balanced mixer 
detection is a measure of the normal Poisson 
or shot-noise limit, independent of the statis- 
tics of the incident light.34 The photon num- 
ber measured by recombining the and <D2 
beams, or, equivalently, by summing the 
photons counted by the two detectors, is 
obtained from the convolution of the two 
PDF. The photon number measured with the 
summed detector counts is E n  = b), whereas 
the variance is o& = 0. Thus, by comparing 
measurements of Xn to An, the photon statis- 
tics, in particular, the input beam variance, is 
compared to that of the coherent state. 

The effect of finite detector quantum 
efficiency is similar to that of the beam- 
splitter. The process of charge production or 
photon energy loss is binomial, and the pho- 
ton detection statistics are 

where k is the number of detected photon out 
of a total of n photons at a detector with 
quantum efficiency q. The photon number is 
readily converted to charge through multi- 
plication by e, the electron charge. For the 
ideal photon source, the beamsplitter first 
changes the photon statistics in a reversible 
fashion, then the finite quantum efficiency 
further modifies these statistics irreversibly. 
The charge in each detector over the measure- 
ment period will be (ql) = v(n)X and (q2) = 
qe(n)( 1 - X), and the individual variances are 

0: = e2(n)[q(l - Q X  + qX(1 - X) ]  and 

022 = e2(n)[q( 1 - Q( 1 - X )  + qX( 1 - X)] 

These are obtained using 0: = (k2) - (k)2 and 
the distribution found from the convolution 
of the beamsplitter partition noise PDF with 
the finite quantum efficiency PDF, P,(k) = 
P,(n')*P,. (k) .  The first terms of these vari- 
ances, proportional to q(1- Q, are due to 
finite detector quantum efficiency photon 
loss, whereas the second terms, proportional 
to X( 1 - X), are the partitioning noise due to 
the beamsplitter. The average summed charge 
is (Cq) = qe(n), whereas the variance is oiq = 
q( 1 - Qe2(n). The average difference charge 
is (Aq)  = qe(n)(2X - 1) with a variance of 
o2 - 2 A¶ - e (n)[q( 1 - Q + 4q2X( 1 - X)]. With a 
balanced beamsplitter, the average differ- 
ence charge is zero, whereas the variance is 
qe2(n). Again, this variance is that which 
would be obtained from a coherent beam 
with Poisson photon number statistics and 
the variance of the difference signal can be 
used to gauge the variance in the sum signal 
to the shot-noise limit. 

(47b) 

E. Interpreting Photons Statistics 
from Balanced Mixer Detection 

Practical squeezed light is less than ideal. 
The light may be thought of as being part 

123 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
3
:
3
8
 
1
7
 
J
a
n
u
a
r
y
 
2
0
1
1



coherent and part squeezed. The photon sta- 
tistics will be between the two limiting cases, 
depending on the degree of squeezing. In 
general, photon statistics of the Q0 input 
beam can be gauged relative to that of a 
coherent beam using the balanced detector. 
The variances in the sum and difference 
counts or currents are o& = e2(o: + 4' + 
2 ( h 2 ) )  and ob = e2(o: + 4'- 2(dn2)). The 
of and 02' are the variances in each channel. 
(An2) is the expectation of the correlated 
photon detection events, defined through the 
cross-correlation, R1,2 = $zln2), or R1,2 = (((n,) 
- An)((n2) - 142)) for An correlated fluctua- 
tions from the means. Because C J : , ~  = R,,2 - 
(n,)(n2), (An2) = @,2 is the covariance de- 
fined in the usual fashion.17 It is also related 
to the second-order coherence function. The 
second-order coherence function is the rela- 
tive correlation g(2)(x,,x2) = R1,2/(n1)(n2) by 
g(2)(x,,x2) = 1 + (h2)/(n1)(n2).  If photon num- 
bers are obtained with a unit quantum effi- 
ciency detector, the second-order coherence 
function related to the sum and difference 
charge variances by g(2)(x,,x2) = 1 + (0% - 
02,,)/4(q J(q2) .  

Another useful parameter for character- 
izing photon statistics is the Fano factor, F.9 
The Fano factor is defined as the ratio of the 
expectations of photon number variance to 
photon number F = oi/(n). The Fano factor 
is 1 for Poisson distributed photon distribu- 
tions produced by coherent light. Light with 
Fano factors less than one is said to be sub- 
Poisson because the variance is less than that 
of the Poisson distribution. Sub-Poisson light 
indicates squeezed states or anti-bunching. 
Super-Poisson light is indicated by a Fano 
factor greater than one. The bunched pho- 
tons produced by thermal sources result in 
super-Poisson light because the photon num- 
ber variance o l =  b) + b2), is greater than 
the expectation (n) for large photon num- 
bers. Inasmuch as the variance in photon 
number is the Poisson or shot noise limit, the 
Fano factor is simply the ratio of sum and 
difference variances, F = $$o&, measured 

with the well-balanced (i.e., X = 0.5) detec- 
tor. The Fano factor of the light can be found 
from the measurements using the relation- 
ship q(F - 1) = F,, - 1, where F is the Fano 
factor of the light and F,, is that for the 
detected light. Finite detector quantum effi- 
ciency causes the Fano factor to be closer to 
unity, that is, more Poisson, than that of the 
light source, independent of whether the light 
is sub-Poisson or super-Poisson. For a series 
of loss processes with transfer efficiencies 
ai, the overall efficiency is q = IIq. Effi- 
ciency loss occurs at all optical interfaces 
and with absorbing or scattering samples. 

F. Detector Current 

Solid-state or vacuum photodiodes and 
photomultiplier tube detectors produce cur- 
rent signals. Photon number and photon rate 
distributions are related by (n) = <Dpt, where 
Bp (s-l) is the photon flux (in quanta per 
second). So all the photon number PDF can 
be cast in terms of the rates. Photon rates are 
converted to currents by a detector. Detector 
currents are proportional to the rates of pho- 
ton annihilation and subsequent electron or 
electron-hole pair production in the detector. 
Under the assumption that no shot noise is 
generated at the photocathode of the vacuum 
devices, or in the junction of the solid-state 
semiconductor photodiode, and that there is 
no flicker noise, the noise measured using 
current detectors to measure the optical ra- 
diation is proportional to fluctuations in pho- 
ton rates. These assumptions may not be 
valid, particularly at high optical power. The 
validity is highly dependent on the particular 
type and structure of the device. The texts by 
Smullin and H a ~ s ~ ~  and van der Z ieP  con- 
tain information regarding fundamental noise 
sources in electron and semiconductor de- 
vices. On the other hand, basic assumptions 
regarding the photocurrent-induced noise 
processes have not been tested in most de- 
vices. This is due to the fact that the optical 
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sources used to measure the noise in these noise power, or current variance, is propor- 
devices have been thermal or coherent sources. 

Detector currents are combined to pro- 
duce the sum and difference currents xi and 
Ai. The currents are usually processed with 
a spectrum analyzer. The spectrum analyzer 
measures the frequency-dependent signal 
power. The spectral density, S(o), of a sig- 
nal is the Fourier transform of the auto- 
correlation function. For example, defining 
the autocorrelation for the difference cur- 
rent, 

R A ( ~ ) ( A i ( t  + ~)Ai( t ) )  

Ai(t+z)Ai(t)dt (48) 

the spectral density is 

(49) 

where 8( } is the Fourier transform 

Using the autocorrelation property of Fou- 
rier transforms65 

S,(O) =%{Ai ( t )P8{Ai ( t ) )  = IAZ(W)~’ (51) 

where AI(o) is the Fourier transform of Ai(t) .  
On a microscopic scale, current is produced 
by either electron-hole production in the solid 
state detector or photoelectron production at 
the photocathode of a vacuum photodetec- 
tor. The individual charge production event 
when a single photon is annihilated is an 
instantaneous delta function process, that is, 
the charge either exists or it does not. Subse- 
quently, the intrinsic spectrum of the photon 
detection process is “white” because the 
Fourier transform of a delta function is a 
constant. The magnitude of the spectral den- 
sity is proportional to the rate of these delta 
function events (i.e., the current). The shot 

tionalto the bandwidth of the measurement. 
With a factor of 2 correction for the Nyquist 
sampling interval, the shot noise variance 
o: = 2e(Z)6f, where 6f(Hz) is the frequency 
interval. This well-known formula is valid 
only if the rate is a Poisson process. Flicker 
noise, due both to the optical source and the 
detector and related circuitry, will persist at 
low frequencies. 

As in the case of photon number or charge 
number detection, the statistics of the sum 
and difference currents will vary depending 
on the state of light entering the balanced 
detector. For continuous sources, the DC 
(zero-frequency) component of the spectral 
density contains information regarding the 
magnitude of the signal, whereas higher fre- 
quencies reflect the photon statistics of the 
source. In practical analysis, only the high 
frequency components of the spectral den- 
sity are used to deduce photon statistics be- 
cause of flicker noise in the source and de- 
tectors. For frequencies well away from the 
flicker noise roll off, variances in the sum 
and difference currents are oii = Szi(o)  and 
oii = S,,(O). These variances may be used to 
deduce the second-order correlation func- 
tion through g(’)(x,, x2) = 1 + (o’,~ - o”,)/ 
4(i,)(i2), and the Fano factor through F = 
op,/o;,. 

G. Homodyne Detection 

Balanced detectors axe useful for deter- 
mining the photon statistics for a single beam. 
In quadrature squeezed light, not only are 
the photon statistics different than that of 
coherent or thermal radiation, but also the 
phase of coherent radiation is altered as well. 
Phase-sensitive detection is used to measure 
differences in phase certainty between the 
squeezed and classic states. This is accom- 
plished by applying the homodyne detec- 
tion. The difference between homodyne and 
the more common heterodyne detection tech- 
niques are discussed by Y a r i ~ . ~ ? ~ ~  
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Heterodyne detection uses optical mix- 
ing of a local oscillator to the signal to be 
analy~ed.~’ The optical frequency of the lo- 
cal oscillator is slightly different than that of 
the signal. The squared sum of two similar 
trigonometric functions can be represented 
as trigonometric functions of the sum and 
difference frequency components. The sum 
and difference frequencies occur at side bands 
from the carrier. The upper side band is well 
above frequencies able to measured elec- 
tronically. However, the lower side band 
(LSB) contains the difference frequency 
components, which subsequently are ana- 
lyzed electronically. Optical mixing is per- 
formed by superimposing two beams of light 
onto a single ‘square-law’ detector. The de- 
tector produces an electronic LSB signal (the 
upper side band is not at frequencies able to 
be detected with electronic circuits) at a fre- 
quency equal to the difference in optical 
frequencies between the two beams. An elec- 
tronic band pass filter or spectrum analyzer 
is used to measure the signal at the optical 
beat frequency. Heterodyne detection can 
increase measurement sensitivity of the sig- 
nal beam by orders of magnitude for detec- 
tors possessing dark current and Johnson 
noise. When shot noise due to the local os- 
cillator prevail over all other noise sources, 
heterodyne detection yields quantum or shot 
noise limited detection of low-level signals. 
This limit corresponds the detection of one 
photon in a time equal to the inverse band- 
width of the measurement. 

Homodyne detection differs from het- 
erodyne in that local oscillator and signal 
beams are mixed at a beamsplitter, and two 
detectors are used to monitor the in-phase 
and out-of-phase components of the result- 
ing superimposed fields in a balanced mixer 
c~nf igura t ion .~ .~~ This process is illustrated 
in Figure 5. Difference frequency generation 
may be used in the same fashion as in het- 
erodyne detection, that is, summation of the 
two electric fields followed by detection with 
a square law detector. The phase of the local 
oscillator is changed using a variable optical 

delay. Yariv6 gives the resulting current sig- 
nal as a function of the relative phase shift of 
the local oscillator, QLo. 

where only the difference current is moni- 
tored. The amplitude of the quadrature com- 
ponents can be analyzed by changing the 
phase of the local oscillator. However, the 
a(t) will time average to zero. In order to 
analyze the noise statistics, the difference 
current is not directly measured but rather 
analyzed with a spectrum analyzer. The spec- 
trum analyzer processes the power in the 
individual frequency components. The 
power, in turn, is proportional to the squared 
detector difference current. Analyzing the 
difference current as the square results in a 
direct measurement of the degree of squeez- 
ing through 

The noise amplitude as a function of 
quadrature phase may also be analyzed when 
the local oscillator is phase locked to the 
signal. In this case the relative phase of the 
two beams is varied using a variable phase 
plate in the local oscillator. The phase-sensi- 
tive analysis is particularly revealing of the 
noise statistics of quadrature squeezed light. 

Wu et al.43 derive a formula relating the 
power spectrum of the quadrature squeezed 
light within an OPO to the homodyne mea- 
surements. Their analysis was extended by 
Breitenbach et al.45 to include analysis of the 
of the photon statistics and probability den- 
sity function of both quadratures. In these 
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FIGURE 5. Homodyne detection. Signal, as, and local oscillator, aL,, beams are combined at the beamsplitter. 
Two detectors are used to monitor the power in the two branches of the combined beams. The difference 
detector current is produced and subsequently processed with a spectrum analyzer. 

examples, both the detector current differ- 
ence and sum statistics are determined. The 
photon statistics of the local oscillator, a real 
laser, often has noise in excess of a pure 
coherent state. Subsequently, it is difficult to 
detect quadrature squeezing because the lower 
classic noise limit is not known a priori. This 
problem can be overcome by measuring noise 
statistics at photodetector current summing 
junction in addition to the difference junc- 
t i ~ n . ~ ’  As shown above, the variance at the 
current summing junction will indicate the 
shot noise limit. In addition, The noise spec- 
trum of the LSB of the two mixed beams may 
be analyzed, revealing the noise power spec- 
trum. This in turn may be used to gauge the 
excess flicker type noise as well as the fre- 
quency range over which squeezing occurs. 
The latter may be influenced by the response 
time of the nonlinear system used to generate 
the squeezed state. 

A large part of the literature on quadra- 
ture squeezed light refers to an effect called 
“squeezed vacuum”.36~41,53,6a7 A squeezed 

vacuum is simply the reduction in noise power 
to below the shot noise limit obtained when a 
quadrature squeezed state is mixed with the 
local oscillator over that of the local oscillator 
alone. In effect, noise in the local oscillator 
quadrature component corresponding to the 
squeezed input signal is reduced below the 
shot noise limit when the quadrature squeezed 
signal is present. The noise limit due to shot 
noise is measured by blocking the quadrature 
squeezed signal light. Further, by analyzing 
the difference in detector current, excess noise 
in the local oscillator is reduced. 

Squeezed vacuum is confirmed from the 
power spectrum obtained using the balanced 
optical homodyne detector. For a given laser 
power used to pump the OPO or P (W), the 
power spectra of the squeezed, S-(o), and 
anti-squeezed, S+(o) (Hz-~), components of 
the light are45 
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where P,, (W) is the threshold power for 
OPO operation and I? (Hz) is the OPO cavity 
bandwidth. The power spectra measured from 
the difference detector current mixing point 
is 

(55)  R*@) = %[I + P Y s , W ]  

where R, is the spectral density for the 
vacuum input, obtained from the summed 
currents, p is the OPO resonator escape ef- 
ficiency, and q is detector efficiency. When 
the relative phase of the local oscillator is set 
to analyze the squeezed quadrature, the spec- 
tral density is less than the vacuum or shot 
noise limit, R,, because &(a) is negative for 
squeezed component. On the other hand, 
when the relative phase is set to analyze the 
anti-squeezed component, the noise power 
is super-Poisson. The frequency dependence, 
o (rad s-l), of the squeezed vacuum is also 
important. Greater squeezing bandwidths 
allow for a wider range of applications. In 
general, the low-frequency end of the 

squeezed vacuum noise power spectrum is 
dominated by flicker-type excess noise in 
the local oscillator, whereas the high-fre- 
quency end is limited by the response time 
of the device used to obtain the squeezed 
light. The high radio frequency cut-off band- 
width of quadrature squeezed states produced 
using nonlinear optical materials placed in 
cavities to enhance the interaction is limited 
by the cavity lifetime. Thus, although high Q 
cavities have enhanced quadrature squeez- 
ing, their use produce lower bandwidths over 
which squeezing occurs. 

Figure 6 illustrates the data obtained by 
Breitenbach et al.45 using the homodyne- 
balanced mixer. Although these data do il- 
lustrate squeezing at a certain phase of the 
local oscillator, they do not show the relative 
variance in the quadrature components. The 
quadratures components, 2 = (6 + 8) and 
f i  = i(d+ - ii), are the position and momen- 
tum operator equivalents derived from the 
field operators, respectively. The electric field 
variance is then [&@)Iz = (&)*cos2(3 + 

Local oscillator phase [rad] 

FIGURE 6. Data obtained using a homodyne detection apparatus 
for squeezed light produced using an optical parametric amplifier. 
Trace (i) is that obtained when the local oscillator phase is scanned. 
Trace (ii) is the shot noise limit obtained without phase scanning, 
while trace (iii) is that obtained by fixing the local oscillator phase for 
minimum noise. (Adapted from Breitenbach et al.45 Figure 4.) 
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(AP)2 sin2 0. When plotted in polar coordi- 
nates, the local oscillator phase-dependent 
field standard deviation resembles a lemnis- 
cate with quadrature squeezing. The local 
oscillator phase-dependent variance data are 
replotted in Figure 7. Part a shows the vari- 
ance data as black dots. The circle in the 
center is that of the shot noise limit and the 
smooth lemniscate curve is the model pre- 
diction. The principle axes, a = A2 and b = 
AP, correspond to the maximum squeezed 

and noise-enhanced quadrature components. 
The data illustrated in Figure 7 part b have 
been replotted and indicate the uncertainty 
region. It is a plot of the [r(0) cos 0, r(0) sin 
01 data pairs transformed to [ l/r(0)][a2cos 0, 
b2r(0) sin 01 coordinates. 

Figure 7 part b data are contours of the 
full Wigner function for a quadrature 
squeezed state. Breitenbach et al.45 also used 
a local oscillator that was -2 MHz different 
than that of the OPO output. The relative 

t P  

l p  
X 

FIGURE 7. Two views of field standard deviation data obtained by 
changing the phase of the local oscillator in a homodyne detector. Part 
(a) is a polar plot of the homodyne signal standard deviation. The 
standard deviation is plotted as a function of phase angle. Part (b) is the 
same data transformed to illustrate the squeezing ellipse. The width of 
the ellipse is proportional to the standard deviation in this case. (Adapted 
from Breitenbach et aLS5 Figure 5.) 
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phase of the local oscillator thus changed 
continuously in time. The current was mea- 
sured directly and noise amplitude was ana- 
lyzed as a function of the relative phase. The 

tudes were found to fit a Gaussian distribu- 
tion and the local oscillator phase-dependent 
variances were assessed (Figure 8 part b). 
This detailed analysis allowed the construc- 
tion of plots revealing the amplitude fluctua- 
tions in the individual quadrature compo- 

nents. The analysis also allowed construc- 
tion of the Wigner distribution, W,,(x,p) 

data are shown in Figure 8. Noise ampli- yq 

+ [1+ PS,(W)]P2)] (56) 

In turn, the Wigner function is related to 
the density matrix through a Fourier trans- 

0.2 ! 

1 I I I I 

0 5 10 15 20 25 
Time [ms] 

1.2 1 
I i 

- 8 4 - 4 - 2 0 2 4 6 8  
Fkld amplitude 

FIGURE 8. Data obtained by mixing a de-tuned local oscillator with the 
signal beam in the homodyne detector. Part (a) shows the signal evolu- 
tion as the relative phase of the signal and local oscillator change. Part 
(b) shows probability density functions obtained by analysis of data in 
part (a) as a function of relative phase shift. (Adapted from Breitenbach 
et al.45 Figure 6.) 
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form. Breitenbach et al. were able to confirm 
the degree of squeezing and anti-squeezing 
in the two quadrature components by fitting 
the phase angle-dependent noise amplitude 
variance data to the Wigner function by the 
data. This was done using a constrained 
Radon t r a n ~ f o r m . ~ ~ . ~ ~  The resulting experi- 
mental Wigner function corresponded to 
5.5 dB of squeezing and 11 dB of anti-squeez- 
ing, in agreement with simpler data analysis 
shown in Figure 6. The shape of the Wigner 
function had only been implied in work lead- 
ing up the this report. 

VII. NUMBER-PHASE SQUEEZED 
STATES 

A. Basic Properties 

In quadrature squeezed states the field 
amplitude variance of one of the two quadra- 
ture components of the electric field is re- 
duced at the expense of the other. In ampli- 
tude or photon number squeezed states of 
light, the variance in photon number is re- 
duced at the expense of the phase variance. 
Yamamoto et al., introduced the amplitude 
squeezed state in 198612,34 and have illus- 
trated several means for sub-Poisson light 
generation since the initial report. 

Quadrature component squeezed light 
results in an ultimate photon variance of 
0,' = @)2'3.29 A simple reason for this limita- 
tion is that squeezing the field amplitude 
fluctuation in one quadrature component 
requires an increase in the fluctuation of the 
other component in order to satisfy the prod- 
uct uncertainty principle. Too much squeez- 
ing increases the photon number fluctuation 
through the increase in the anti-squeezed 
quadrature fluctuation. Because photon num- 
ber is proportional to the squared electric 
field, large field fluctuations of the anti- 
squeezed component can increase the pho- 
ton number fluctuation. 

The uncertainty principle may be satis- 
fied with minimum-uncertainty photon-num- 

ber phase  state^.^^.^^ In this representation, 
minimum-uncertainty states are those that 
satisfy the relationship, ( (A~Z)~)((AO)~) = 1/4. 
The photon number variance is ((An)') = @), 
so the minimum-uncertainty phase variance 
is of = ((A$)2) = 1/4(n). For coherent light, 
the photon number variance increases with 
the mean number of photons detected, 
whereas the phase variance is inversely pro- 
portional to the number of photons. The un- 
certainty principle is still valid in the field 
amplitude representation. However, the shape 
of the field amplitude space uncertainty pro- 
file is not elliptic, as in the case of the quadra- 
ture squeezed states, but rather is crescent 
shaped. This is illustrated in Figure 9. The 
photon number is proportional to the square 
of the two quadrature field amplitudes. Thus, 
the photon number is the square of the dis- 
tance from any point on the graph to the 
origin. The variation of this distance is re- 
duced with photon number squeezing. Simi- 
larly, the phase of the field is the angle a 
vector from the origin to any point makes 
with the horizontal quadrature axis. Part A 
of Figure 9 shows the result of partial mini- 
mum uncertainty photon number squeezing. 
The phase variance increases while the varia- 
tion of distance to the origin decreases due 
to photon number squeezing. Part B shows 
the quadrature plot optimally squeezed pho- 
ton number. The phase angle variance is 
extreme in this case. Minimum uncertainty 
phase squeezed states of light may also ex- 
ist. The quadrature plot of this state would 
be similar to that shown in part C of Fig- 
ure 1. In this case, phase angle variance is 
decreased at the cost of the average field. 

6. The Nonlinear Interferometer 

A relatively simple method for anti- 
bunching of photon distribution uses nonlin- 
ear optical transitions to selectively remove 
the photon pairs that are bunched. Although 
intuitive, there are some interesting conse- 
quences regarding the use of coherent and 
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Quadrature 1 

A 
FIGURE 9. Probability density plots of a photon number-phase squeezed state. Part (A) illustrates uncer- 
tainty in the two fields produced with partial photon number squeezing. Part (B) corresponds to states where 
the phase variance is maximized while minimization of photon number fluctuations occur. 

chaotic thermal light sources. Kitagawa 
and Y a m a m ~ t o ~ ~  analyze photon number 
squeezed states produced by mixing two 
beams, one from a coherent source and an- 
other the vacuum fluctuation or probe beam, 
within a nonlinear Mach-Zehnder interfer- 
ometer. The scheme for production of pho- 
ton number squeezed states is illustrated in 
Figure 10. Light (or vacuum fluctuations) 
from the two input ports are mixed at the 
first beamsplitter. The light is self-phase 
modulated by passing through a nonlinear 
optical Kerr effect medium placed in one of 
the interferometer paths. The phase of this 
path is changed by the intensity-dependent 
refractive index of the Kerr effect medium. 
For squeezed photon number, a higher in- 

tensity beam causes a phase shift that re- 
duces the intensity in the output beam past 
the exit beamsplitter. The reflectivity of the 
beamsplitter is kept as high as possible to 
avoid contamination of the photon number 
squeezed state with noise from the vacuum 
or reference beam. Essentially, the scheme 
acts as an all-optical limiter wherein the phase 
of one beam is instantaneously changed to 
compensate for increased or decreased in- 
tensity. Thus, it may be simpler to obtain 
photon-number squeezed light using this or 
similar schemes than to obtain quadrature 
squeezed states. Moreover, unlike schemes 
based on the use of an optical cavity to 
increase the field to the point where nonlin- 
ear interactions take place, the bandwidth 
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Quadrature 1 

FIGURE 96 

of the photon number squeezing could be 
high, limited by the response time of the 
nonlinear Kerr effect media, not by cavity 
lifetime. 

The photon states produced by the Kerr- 
effect interferometer can be described in 
terms of the parameters of the device. Given 
an annihilation operator for the photon num- 
ber squeezed light 2 that follows the boson 
commutation relationship [2,2t] = 1 and the 
photon number relationshiptt? = n, the pho- 
ton number squeezed states are related to the 
coherent input state by 

(57) 

Here, y is a parameter related to the ef- 
ficiency of the nonlinear phase shift in the 
Kerr medium, and the 5 parameter is related 
to the coupling efficiency of the phase-shifted 
and unperturbed beams at the beamsplitter. y 
can be arbitrarily increased by increasing the 
nonlinear Kerr medium interaction length. 
On the other hand, 5 is fixed by the 
beamsplitter or chosen for optimum squeez- 
ing in numerical modeling. The magnitude 
of y will affect the phase shift for a given 
field. The interplay between y and 5 will 
affect photon number fluctuations at the out- 
put ports. For a given 6 and average field 
amplitude, y may be chosen to minimize 
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FIGURE 10. A nonlinear Mach-Zehnder interferometer used in the analysis of photon number squeezed 
states. One branch of the interferometer contains a nonlinear optical Kerr effect medium. 

photon number fluctuations at the output port 
with electric field operator, c^ .  The photon 
number probability density function obtained 
from the density matrix is shown to be 

However, the number variance can be re- 
duced even further by cascading nonlinear 
optical Kerr effect interferometers at the cost 
of reduced average photon number. 

n! 

This PDF is similar to the Poisson distri- 
bution but may have variances less than those 
of coherent light. It produces photon distri- 
butions that are more symmetrical than those 
of the quadrature squeezed light. The mini- 
mum variance produced by photon number 
squeezed states is found to be 0," = h)'l3. 

C. Optical Feedback 

The nonlinear Mach-Zehnder interfer- 
ometer scheme described above is just one 
of several possible schemes that use rapid 
feedback to control the state of the field.g 
Yamamoto et a1.I2 describe two other means 
for producing photon number or amplitude 
squeezed states. The first is based on a non- 
destructive, quantum demolition detection 
scheme. This scheme was only a theoretical 
construct used to develop the theory for the 
photon number squeezing through feedback. 
Nondemolition detection of a signal laser 
field was modeled using a probe laser to 
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detect the nonlinear phase shift produced in 
the nonlinear Kerr medium by the signal 
beam. This scheme is illustrated in Figure 
11. The signal beam enters the interferom- 
eter through the upper input port of the inter- 
ferometer, passing through a dichroic mir- 
ror. The mirror is coated to reflect the probe 
laser while transmitting the signal beam. The 
signal beam interacts with the optical Ken 
medium and exits the interferometer through 
a second dichroic mirror. The probe beam 
enters the interferometer through the lower 
input port. This beam is split into two sepa- 
rate beams: one passing through the nonlin- 
ear Kerr medium, the second passing to the 
second beamsplitter. The probe laser wave- 
length is such that the reflectivity at the dich- 
roic mirrors is high and the light does not 
affect the refractive index of the nonlinear 
medium. The probe beam is recombined at a 
second beamsplitter. The light from one of 
the output ports of this beamsplitter is de- 
tected. The amplitude of the light exiting 
this port is influenced by the phase shift 
incurred passing through the nonlinear Kerr 
medium, which in turn, is proportional to the 
signal laser field. The current from the de- 
tector is fed back to the signal laser. The 
lower the signal laser beam field, the higher 
the current to the laser. The hybrid 
nondemolition optical-electronic detection 
controls the field of the signal beam while 
not annihilating the signal photons. The band- 
width of the photon number squeezing should 
be very high for nonlinear Kerr effect media 
with fast response times. However, it will 
also be limited by the response time of the 
electronic detection and amplification cir- 
cuits. This scheme will work for high quan- 
tum efficiency laser, such as diode lasers, 
wherein the number of photons produced is 
nearly equal to the number of electrons that 
pass through the band gap region. Moreover, 
noise in the probe beam will be reflected in 
the modulated signal beam. A high-power 
probe laser with minimum flicker noise 
would be a prerequisite to using this scheme. 

D. Electronic Feedback 

Similar to the all-optical feedback 
scheme, photon number squeezing can be 
performed with electronic feedback. l 2  This 
technique was demonstrated using destruc- 
tive detection of the signal laser field. In this 
scheme, the beam from a current-injection 
solid state diode laser is split into two com- 
ponents. The power in one component is 
converted to an electrical signal with a high 
quantum efficiency detector. This current 
signal is amplified, inverted, and summed 
into the injection current of the laser, as 
shown in Figure 12. The photon number in 
the feedback beam component is monitored 
by measuring the injection current at termi- 
nal (A). Readers familiar with lasers will 
recognize this scheme as that used to control 
the output of lasers equipped with ‘light 
control’ stabilization. This scheme is often 
used in ion and solid state lasers. The photon 
number in the other component beam is mea- 
sured using a similar detectodamplifier cir- 
cuit, terminal (B). Statistics of the difference 
in currents generated by the two detectors 
were also determined. 

The results of these experiments are il- 
lustrated in the probability density plots of 
Figure 13. The Poisson probability for the 
free running laser is shown as the solid line 
on both the (A) and (B) terminal measure- 
ments. A reduction in the current, and thus 
photon number, variance is found in the sig- 
nal used to control the laser output (Termi- 
nal A). On the other hand, the variance of the 
second beam is found to increase with feed- 
back stabilization. In fact, by comparing these 
measurement statistics to those obtained with 
an LED, it was found that the photon statis- 
tics in the beam used for feedback were sub- 
Poisson and those of the other beam were 
super-Poisson, exhibiting a variance greater 
than (n). The statistics of the detector current 
difference is that of shot noise. This result is 
expected from discussions of the balanced 
detector given above. The bandwidth of the 
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(a) Laser Control 

laser * 
direct 1 I injection I 

currey t  I , 1 current  a 1 

(b)  Q N D  Scheme 

detector 

FIGURE 11. Use of the nonlinear Mach-Zehnder interferometer as a quantum nondemolition probe of the 
signal state. The signal laser produces a phase shift in the Kerr effect medium that is measured with the 
measurement beam. Results from the analysis of the measurement beam are subsequently used to control 
the signal beam through electronic feedback. 

photon number squeezing was not as high as 
direct, all optical schemes. Maximum squeez- 
ing was 10 dB below the shot noise limit at 
around 2.5 MHz, decreasing to less than 
5 dB at 20 MHz. 

One may interpret the fact that the pho- 
ton number variance in the beam used for 
feedback control was sub-Poisson, whereas 
that of the other beam was super-Poisson, as 
being a manifestation of the uncertainty prin- 
ciple. In particular, the phase uncertainty 
induced by increasing photon number cer- 

tainty in one beam causes an increase in the 
photon number variance in the other beam. 
Although photon number squeezing was 
accomplished, the result is not of much con- 
sequence to measurement science because 
demolition detection was used. In fact, de- 
creasing photon number variance in one beam 
increased that of the other. Moreover, these 
experiments showed that although electronic 
feedback stabilization may be useful in con- 
trolling excess noise in laser output, it does 
not result in sub-Poisson light generation. In 
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B 
.ector 

mina l  
injection B 
cur ren t  

, T e r m i n a l  
A 

FIGURE 12. Use of a beamsplitter to directly sample the signal beam for electronic feedback control of a 
signal laser. The light power in both the signal and reference beams may be analyzed. However, only the 
reference beam is used to produce photon number squeezed states. This type of feedback is used in many 
commercial gas and solid-state lasers. 

fact, the light produced in such a scheme is 
slightly super-Poisson. 

E. Semiconductor Lasers 

Yamamoto et al.71,72 proposed that semi- 
conductor laser driven by a high impedance 
constant current source produces photon 
number squeezed states through an internal 
feedback mechanism. The mechanism for 
this squeezing is not entirely ~ n d e r s t o o d . ~ ~ - ~ ~  
However, experimental evidence suggests 
that a macroscopic coulomb blockade effect 
wherein the charge carrier density in opti- 
cally active junction area is ~ tab i l ized .~~ Es- 
sentially, the increased carrier density pro- 
duced by passing current through the device 
produces a potential that, in turn, limits the 
current. As a consequence, the carrier den- 
sity is stabilized in the active region. In the 
high quantum efficiency devices, for which 
squeezing is observed, the main carrier deple- 
tion mechanism is photon emission. With a 
high impedance constant current, the charge 
density is stabilized, which in turn stabilizes 

the photon emission rate. Each time a photon 
is emitted, the potential barrier decreases al- 
lowing the passage of another charge carrier. 
Along with the high impedance source, the 
coulomb blockade effect limits the current 
passing through the semiconductor gap to 
below that of the electron current shot noise. 
This is one example of limiting the rate of 
photon emission by controlling the rate pro- 
cess by which the photons are ~rea ted .~  

There are, in fact, many experimental 
observations of sub-Poisson light generation 
in semiconductor lasers.7483 The best ex- 
perimental results to date have been obtained 
using a transverse junction stripe laser.79 In 
the latter, photocurrent fluctuations were re- 
ported to be reduced by almost one order of 
magnitude, 8.3 dB below the shot noise limit 
(-85% noise suppression). Kitcheng et aLg3 
obtained nearly a 4.0 dB reduction in noise 
below the shot noise limit using a commer- 
cially available index guided temperature- 
stabilized room temperature quantum well 
laser. This laser had 68% external quantum 
efficiency that is, 68% of the current re- 
sulted in photons leaving the laser. Degrada- 
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a n t b -  
0 

Y 
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Terminal B 
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i 
dX 16'- 
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X,=0.3 1 
X0=0.87 
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FIGURE 13. Probability density plots of signals produced using 
electronic feedback control experiments illustrated in Figure 12 
with a diode laser source. A reduction in photon number variance 
is found in the sampled signal branch used to control laser output 
(Terminal A) as seen in the narrrower distribution of the stabilized 
(0) vs. free running (x) probability distributions. At the same time, 
the variance of the beam passing through the beamsplitter in- 
creases with feedback stabilization. The X values are second 
moments of the distributions, relative to that of the free-running 
laser. The relative second moments correspond to 7.2 dB squeez- 
ing in the controlled and 2.7 dB antisqueezing in the free branch, 
respectively. The Poisson distribution of the free running laser is 
shown as the solid line on both the (A) and (6). (Adapted from 
Yamamoto et a1.12 Figure 15.) 

tion of the squeezing was found to occur at 
the onset of multimode operation. The pho- 
ton number squeezed state bandwidth was 
limited to about 5 MHz. 

The main problems with using laser di- 
odes are the large amount of excess noise, 
mode instability, and high susceptibility to 

optical feedback-induced output fluctuation. 
It is not clear at this time whether sub-Pois- 
son photon number emission can be obtained 
concurrently with controlled optical fre- 
quency and linewidth. A discussion of the 
relationship of excess llf optical noise in 
diode lasers to operating conditions and op- 
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tical bandwidth may be found in Reference 
84. Discussions regarding characterization 
and control chaotic natures5 of laser sources 
can be found in review 

F. Sub-Poisson Emission from Light 
Emitting Diodes 

Photon number squeezed light may also 
be produced in high quantum efficiency 
LEDs. LED sources are intrinsically less 
noisy than diode lasers. They do not suffer 
from excess noise due to multimode opera- 
tion, mode jumping, and strong optical cou- 
pling to external reflective optics. Although 
the quantum efficiency of these devices is 
not thought to be as high as that of the diode 
laser, we have obtained encapsulated devices 
with as high as 36% external quantum effi- 
ciency at 836 nm from Hewlett-Packard. The 
main optical loss mechanisms in solid state 
emitters are light trapping through internal 
reflection and reabsorption by the AlGaAs. 
Both of these mechanisms are enhanced in 
the encapsulated devices because of the large 
refractive index mismatch between the 
AlGaAs semiconductor and the clear poly- 
mer encapsulating material. The external 
quantum efficiency of these devices can be 
further improved by matching the refractive 
index with multiple dielectric layers. 

The first reported measurement of sub- 
Poisson light from a LED source was by 
Tapster et al.89 The amount of noise reduc- 
tion was small, -0.2 dB, but the devices used 
had relatively low quantum efficiencies, 6 to 
11% when operated at 194 K. The central 
emission wavelength of the diodes was about 
950 nm. The initial report has been con- 
firmed by several other researchers.9b97 The 
best noise reduction obtained to date has 
been 1.4 dB below the shot noise limit, cor- 
responding to a Fano factor of about 0.7.92 
The device used was a Hamamatsu model 
L2656 890 nm LED cooled to 77 K. The 
maximum external quantum efficiency for 

this LED was -30%. However, when detec- 
tor quantum efficiency is taken into account, 
the overall current-to-current quantum effi- 
ciency was only 12%. 

Edwards98 developed a semiempirical 
model to account for the photon noise sup- 
pression found in high quantum efficiency 
semiconductor laser and LEDs. The model 
and results are similar to those obtained by 
Yamamoto and c o - ~ o r k e r s . ~ ~ . ~ ~  At frequen- 
cies below those of the mean carrier lifetime 
prior to photon emission and the 1/RC, the 
frequency response of the high-impedance 
current source driven LED, where R is the 
source impedance and C the capacitance of 
the LED, the current variance in the detector 
is 

The current variance on the left-hand 
side, 02 is that of the photodetector used to 
measure the output of the semiconductor 
emitter. The quantum efficiency, a, is the 
total efficiency of the emission-detection 
process, q = r\?rld. The two current variances 
on the right-hand side, 0; and 0,2, are that of 
the current passing though the junction and 
the recombination current within the junc- 
tion, respectively. Carrier recombination is a 
Poisson process. For the high impedance 
constant current source, the recombination 
term dominates and the detector current vari- 
ance becomes (3: = q(l - T$o,2. Carrier re- 
combination within the semiconductor re- 
sults in the emission of a photon. Because 
the shot noise due to this process is propor- 
tional to the current flowing through the 
device, as is the photon emission, the Fano 
factor for photon detection is simply, F = c$/ 
q0,2 = (1 - T$. This simple relationship has 
been confirmed for a number of measure- 
ments of LED emission. Fano factors less 
than one, and thus sub-Poisson statistics, are 
thus easily accomplished for high quantum 
efficiency devices with low losses between 
detector and emitter. 
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Of some interest in these devices is the 
correlations that can be obtained between 
two diode lasers or L E D S . ~ ~ ~ ~  It has been 
know for some time that large correlations 
can exist between two or more light 
sources.6*8 In particular, there is a large cor- 
relation between sum and difference fre- 
quency components produced by optically 
mixing two beams in a nonlinear medium 
or by simultaneous parametric up- and 
down-conversion. Correlation may also be 
obtained between signal and probe beams in 
the nondemolition detection scheme of 
Yamamoto et a1.12 and other twin-beam 
squeezing  experiment^.^^.^^ Even without 
squeezing, correlations between two beams 
is similar in effect to squeezing in that detec- 
tion of a photon in one beam indicated the 
presence of a photon in the other. For appli- 
cation to spectroscopy, correlations of this 
type may be more useful than simply reduc- 
ing the noise in a single beam. The corre- 
lated photons may be used to enhance mea- 
surement precision because detection of a 
photon in one beam indicates the presence of 
a photon in the other. On the contrary, split- 
ting an initially photon number squeezed 
beam at a beamsplitter produces negative 
correlation between photons detected at the 
two output ports. Although this negative 
correlation may also be used to reduce mea- 
surement errors, it is only practical if the 
initial photon number squeezed light does 
not have excess noise. Recall that there is no 
correlation between the simultaneous pho- 
ton detection at the two output ports of a 
split classic coherent beam, except that due 
to excess source noise, and there is positive 
correlation between the photon detection 
events for thermal radiation. 

An apparatus for measuring output cor- 
relation of two semiconductor emitters is 
shown in Figure 14.w92 The LEDs are driven 
by single high impedance, constant current 
source. Output from the two LEDs is mea- 
sured simultaneously with the photodiodes 
and subsequently analyzed for correlation 

and relative noise. The coulomb blockade 
effect limits current through both devices 
connected to the high-impedance, constant 
current source. Wired in series, equal cur- 
rents must pass through both LEDs. In this 
case the emission from the two sources can 
be higlily correlated if either the quantum 
efficiencies are unity or the Fano factor for 
the driving current, F,, is low. The driving 
current Fano factor, in turn, can be related to 
the apparatus parameters of series and LED 
shunt impedances. The normalized cross- 
correlation for the two emitter case is91,92 

A minimum driving current Fano factor 
of F, = 1/2 occurs for circuits where the cur- 
rent source impedance is much higher than 
the shunt impedance of the L E D s . ~ ~  In this 
case the two signals should exhibit a corre- 
lation of R1,2 = q"q + 2( 1 - q)] Note too that 
this equation predicts large correlations when 
the driving current is super-Poisson, that is, 
with current Fano factors F, 2 1, even when 
the LED quantum efficiency is low. 

Kikuchi and Kakuigo and Edwards and 
Pollard9l independently reported on measured 
positive correlations in the photocurrents 
produced from the series circuit. In both cases 
it was found that the measured photodiode 
currents agreed with those predicted from 
the correlation equation. 

Goobar et al.92 also examined detector 
current correlations produced using a single 
current source to drive two high-efficiency 
LEDs. Their apparatus was designed to pro- 
vide three types of driving currents, charac- 
terized by driving current Fano factors less 
than, equal to, and greater than unity. Shot 
noise limited current, thus a unit Fano factor 
was generated using a low-efficiency LED- 
photodiode pair as a current source. Sub- 
shot noise currents were produced with the 
high-impedance current source and super- 
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(a) Series Circuit 

1 current  

(b) Parallel Circuit 

current 
source 

FIGURE 14. An apparatus for measuring squeezing and correlation in electronically coupled LED or diode 
lasers. A high-impedance, constant current source is used to drive the emitters. Correlations may be found 
in both the serial (A) and parallel (B) configurations. 

Poisson currents were produced by using an 
oscillator-driven current source. Measure- 
ments were performed to determine the quan- 
tum efficiency and photon Fano factor. These 
parameters were subsequently used to deter- 
mine the driving current Fano factor using 
the relationship, F = we( 1 - q). The electron 
current Fano factor was first deduced from a 

series of measurements on single LEDs. An 
electron current Fano factor of zero was found 
for the high-impedance current source. From 
this, the relative correlation predicted for the 
series LED measurements is predicted to be 
zero. Contrary to previous  measurement^,^.^^ 
their measurements confirm this prediction; 
no photocurrent correlation was found for 
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the parallel LEDs. It is difficult to assess 
why this discrepancy occurred. None of these 
references give adequate data regarding the 
electronic circuits used to drive the LED 
emitters to determine what, if any, differ- 
ences exist. In addition, Goobar et al. use 
microwave attenuators to adjust the indi- 
vidual detector currents at the mixer/ 
correlator. The attenuators were adjusted such 
that an attenuation of one detector equiva- 
lent to the quantum efficiency of the other 
channel was used to lower the differential 
current 

Edwards and Pollardgl and Goobar et 
al.92 also measured correlations for the par- 
allel configuration. Negative correlation co- 
efficients are expected with parallel LEDs 
due to partitioning of electrons between the 
two LED circuit paths. Electron partitioning 
between the two circuit branches is similar 
to the photon partitioning that occurs at a 
beam~plit ter.~~ Goobar et al. also found that 
the photocurrent variance was substantially 
lower for the parallel LED circuit than for 
the series circuit. Although this result is ex- 
pected from the partition noise current model 
of Yamamoto and it is not intuitively 
obvious why the photon fluctuations should 
be sub-Poisson when current partitioning 
between two diodes occurs. 

G. Correlated Light 

In a semiconductor laser, the output 
power, or photon production rate, is not lin- 
early related to the electrical current due to 
changes in output coupling efficiency with 
optical mode, temperature, and other physi- 
cal effects. The nonlinear effects tend to 
weaken correlations between electron cur- 
rent and output power. These effects do not 
occur in LEDs. Photon production in LEDs 
is linearly related to the current passing 
through the device. In fact, there is no reason 
why two LEDs must be used to examine the 
correlations. In a later publication than the 

initial electronic feedback photon number 
squeezed state generation,’* Yamamoto and 

refined the model and point out that 
sub-shot-noise electrical current is not the 
source of sub-Poisson photon emission in 
the high impedance constant current-driven 
devices. In fact, the opposite cause and ef- 
fect relationship probably exists. The self- 
regulating carrier density resulting from pho- 
ton emission limits the electronic current 
through the device. Thus, the sub-Poisson 
photon emission process limits the current to 
sub-shot-noise variance levels. Because elec- 
trical current is limited by the photon emis- 
sion process, there is no apparent reason 
why the electronic current cannot be used as 
a direct indicator of the photon flux being 
emitted from a high quantum-efficiency LED. 

Correlations between single LED cur- 
rentg5 and diode laser currentIo3 and photo- 
detector current have, in fact, been observed. 
In the LED experiments, difference currents 
below the shot noise limit were found using 
a system with a current-to-current quantum 
efficiency of q - 0.27. Correlations in the 
diode laser experiments, based on a single 
diode laser-photodetector pair, of nearly unit 
correlations were found over a bandwidth 
exceeding 1 GHz. Goobar et al.93 used the 
fact that the photon production rate was 
highly correlated to the current to produce a 
photon amplifier that could, in principle, 
amplify photon number squeezed light. Their 
apparatus incorporated a number of LED- 
photodiode pairs (up to 8) connected in se- 
ries. The current source for the LEDs was a 
single photodiode. The resulting circuit, 
termed an “optoelectronic photon number 
amplifier”, could amplify electrical or pho- 
ton currents while preserving the photon 
number squeezed aspect of the light on the 
LED current source detector. The apparatus 
was, of course, limited by the quantum effi- 
ciencies of the devices used to construct it. 
No net amplification was found for up to 8 
LED-detector pairs. The total conversion 
electron current quantum efficiency was 
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-0.77. Correlation between currents passing 
through the LED array and the photodetec- 
tor currents was high, judging from the sub- 
stantially reduced differential noise current. 

It has been shown that light can be 
electro-optically amplified with little addi- 
tional noise, thus preserving any sub-Pois- 
son character of the input signal. Amplifica- 
tion using photons should be intrinsically 
less susceptible to producing excess flicker 
noise because, compared with electrons,lM 
photons are only weakly scattered. Electro- 
optical-based amplifiers may be designed 
that could provide relatively noise-free am- 
plification of either electron or photon cur- 
rents. In fact, Cheung and Edwards reported 
recently on the design of an electro-optical 
based current amplifier with positive feed- 
back. Although the design was not imple- 
mented, computer modeling showed that the 
design could give a current gain of 14.7 dB, 
with a noise figure of 1.5 dB.lo5 

H. Other Means to Produce 
Squeezed Light 

Photon number-phase squeezed light can 
also be produced by the conversion or pas- 
sage of coherent or chaotic light in a nonlin- 
ear medium. It has been known for some 
time that multiphoton interactions can pro- 
duce squeezed s t a t e ~ . ~ . ’ ~  Mandel predicted 
that squeezed states would be obtained in 
second-harmonic generation. Io7 Squeezing 
through second harmonic generation has been 
observed by a number of researchers.108-110 
Experimental realization of substantial 
squeezing was recently attained and theo- 
retically modeled.60 These experiments, a 
monolithic standing wave doubler (cavity 
device) is used to produce the second har- 
monic of the Nd:YAG excitation laser. The 
second harmonic light was analyzed with a 
balanced mixer. Approximately 0.75 dB of 
squeezing was observed over a bandwidth of 
about 60 MHz. The high-frequency roll off 

of the squeezed light was due to the doubler 
cavity. Roll off at the low-frequency end 
was due to excess noise in the excitation 
laser. These results were reported to fit well 
the theory for this type of squeezing. Ex- 
trapolating squeezing to the lower frequen- 
cies hidden by excess noise revealed over 3 
dB of squeezing. As found in most laser 
sources, the excess noise obscures the at- 
tempts to produce highly squeezed light. 

Photon number squeezed states may also 
be obtained directly from a laser source when 
the output coupling, excitation rate, and re- 
laxation rates are within certain bounds. This 
is essentially a means to produce squeezed 
light through “optical feedback”. Ralph and 
Savage theoretically examined squeezing in 
conventionally pumped three- and four-level 
lasers.lIl As was the case for semiconductor 
diode lasers, squeezed light might already 
be produced in conventional lasers such as 
the helium-neon. The authors point out that 
this fact may have escaped notice because 
measurements of the output statistics of he- 
lium neon lasers were made using photo- 
multiplier tube detection of the attenuated 
output beam. 

VIII. CONCLUSION 

Little has changed in terms of applica- 
tions since the 1988 Analytical Chemistry 
focus report introduced the concept of 
squeezed light to the analytical chemist. 11*  

Although several papers mention the possi- 
bility of high-precision optical measurements, 
there are few, if any, practical working ex- 
a m p l e ~ . ~ ~ ~ - ~ ~ ~  No disrespect for the focus 
report intended. However, the prediction that 
scientists would “propose novel squeezed- 
light applications” has just not come true. 
This is probably because emphasis has 
changed from measurement accuracy to 
nano-measurement and other new regimes. 
Squeezed light was dismissed because gen- 
eration required costly hardware while pro- 
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ducing only marginally quadrature squeezed 
light. Although sub-Poisson, quadrature 
squeezed light was of little benefit to per- 
sons not performing interferometric measure- 
ments. Even there, the costs outweigh the 
benefits when one million dollars is required 
to make a measurement that is only an order 
of magnitude better than that which can be 
obtained with equipment costing only a few 
tens of thousands. 

However, much has changed in the elec- 
tronics and electro-optics industries in the 
last 8 years. Semiconductor detectors with 
quantum efficiencies and noise figures ex- 
ceeding those of the photomultiplier tube are 
now available for few dollars, as are high 
quantum efficiency light emitting diodes and 
semiconductor lasers and low-noise elec- 
tronic components. Coupled with ultra-low- 
noise optical detection schemes,’ l7 the rela- 
tive ease at which squeezed light can be 
generated using semiconductor devices could 
find application in analytical spectroscopy. 
One may presently assemble an optical ab- 
sorption apparatus based on squeezed LEDs 
for about $100. The problem of the red wave- 
lengths is currently being resolved with the 
“blue light” LEDs and diode lasers.”* Re- 
gardless of whether background absorption, 
scattering, and reflection losses are present, 
the accuracy of any optical absorption mea- 
surement is limited by the precision of the 
optical measurement. The attainable preci- 
sion is currently below what was thought to 
be the ultimate limit - that due to shot 
noise. The question of application of these 
sub-Poisson light sources to optical spec- 
troscopy does not appear to be one of prac- 
ticality or financial burden. However, ana- 
lytical chemists that attempt to keep up with 
new methods in analysis have little time to 
do the same in optical physics and electro- 
optics engineering. Instead, we look to com- 
mercial development to keep abreast of the 
current technology. However, analytical in- 
strumentation has apparently fallen behind 
in terms of new electro-optics technology, 

which has been primarily geared toward 
optical communications and consumer prod- 
ucts. One is hard pressed to find commercial 
spectrometer instrumentation based on the 
traditional LED light source, let alone a sub- 
Poisson spectrometer. 

One of the surprising consequences of 
generation and detection of squeezed light 
has been in furthering the understanding of 
fundamental noise sources in electronic cir- 
cuits. By measuring photon number squeezed 
states with noise less than the shot noise 
limit using semiconductor photodiode de- 
tectors, it has been inadvertently demon- 
strated that the Shottky noise, that is, current 
variance produced by the passage of elec- 
trons across a barrier, is not intrinsic to the 
transport of electrons in a conductor. This 
may seem contrary to the fundamental phys- 
ics of transport. However, one basic assump- 
tion used for deriving the binomial and sub- 
sequent Poisson probability distributions is 
that the objects do not interact. In fact, elec- 
trons interact though a space-charge effect. It 
has been known for some time that this inter- 
action results in sub-Poisson current variance 
in thermionic vacuum diodes.63 It is not un- 
reasonable that electron transport through 
conductors and even semiconductors may 
exhibit similar noise-suppression effects. 

It is difficult to assess what is on the 
horizon. Simple, inexpensive technology for 
squeezed generation is currently available at 
the local electronics supply houses. The tech- 
nology apparently awaits testing and appli- 
cation. The main question is if chemical 
analysis is a follower or a leader in technol- 
ogy application. 
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